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Abstract

This paper introduces the exterior matrix method as a means to compute asymptotically the eigenfrequencies for the

vibrations of serially connected elements which are each governed by fourth-order equations. The Timoshenko beams and

a tapered Euler–Bernoulli beams are just two examples that are solved by this method. The technique involves not just

lifting the transfer matrices into the higher dimensional exterior algebra space, but also lifting the original fourth-order

equation to generally produce a sixth-order exterior equation, but occasionally the exterior equation is only fifth order.

The original fourth-order equation does not have to be solvable for this technique to work, since only the approximate

solutions for the exterior equation are needed to compute the eigenfrequencies asymptotically.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Sequentially coupled partial differential equations frequently arise in many different problems, such as
coupled Euler–Bernoulli beams or multi-span cable problems, to name a few. Solving these coupled PDEs
usually, but not always, amounts to finding the eigenfrequencies and eigenfunctions for the system. Even in
the cases where eigenfrequencies exist, yet the eigenfunctions do not span the solution set, (as in the case k ¼ 1
in Ref. [1]), the eigenfrequencies can be used to determine the stability of the system, i.e., if the
eigenfrequencies are a bounded distance from the imaginary axis. The most straightforward method used is
the transfer matrix method [2,3], where for each component in the structure, the vibrations on one end are
related to the vibrations of the other via a matrix. The matrices are then multiplied together to show how the
vibrations on the beginning of the structure propagate to the other side. But the product of these matrices can
become unwieldy even for a structure with just a handful of components.

Another popular method for studying these complex structures is the Rayleigh–Ritz method [4–6], in which
trial functions are produced for each piece of the structure, and then the pieces fit together to produce the
vibrations of the whole structure. However, if the joints between the pieces are rigid, choosing the trial
functions so that the continuity condition is satisfied becomes very difficult [7]. One solution is to add artificial
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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springs between the rigid joints, and then the frequencies of the rigid structure is found by taking the limit as
the stiffness of the springs goes to infinity [4,5,7].

The wave propagation method (WPM) is also sometimes used [8], but it still needs to be made
mathematically rigorous. Without the mathematical rigor, WPM is still an ad hoc method. On the other hand,
the finite element method can be used to find the eigenfrequencies, but the asymptotic analysis is often very
difficult to obtain without high speed computers.

This paper introduces the exterior matrix method (EMM) as it is applied to the general fourth-order
equation, with improved proofs. The exterior matrix method has been used several times before, as in the
Euler–Bernoulli beam equation [9,10]. The special properties of the exterior matrices were thought to be a
bi-product of the symmetry of the equation. When the same symmetries appeared in studying the dynamics of
the nonlinear semi-taught inclined cable equation [11], it became clear that the methods can in fact be applied
to any fourth-order differential equation. This mathematically rigorous method reproduces the results of the
WPM method as a special case, and can even apply to equations for which no exact solution exists. Although
the proofs involve rather complicated computations using Mathematica [12], it should be noted that the
application of this method is not that complicated, as seen in the example of tapered Euler–Bernoulli beams.

Although the main purpose of this paper is to present the exterior matrix method, we will focus on a
particular problem as shown in Fig. 1. A beam is composed of 3 segments, the middle of which is a standard
Euler–Bernoulli beam, but the other two are tapered. The eigenfunctions of a tapered Euler–Bernoulli beam
involve Bessel functions [13], yet with the exterior matrix method, we can find the eigenfrequencies to any
degree of accuracy without using Bessel functions. In fact, the governing equation for the vibrations does not
even have to have a closed form solution. It should be possible to expand this method to determine whether
the spectrum-determined growth condition holds [14], which is a difficult problem in PDEs. The exterior
matrix method can be used in tandem with any method that uses transfer matrices, so for example the artificial
spring method would benefit from this new methodology [2].

A fourth-order sequentially coupled PDE is a system of partial differential equations for

uiðx; tÞ 0pxpLi; t40; i ¼ 1; 2; . . . ;m (1)

for which the boundary conditions of one function is tied to the boundary conditions of the next

uið0; tÞ

u0ið0; tÞ

u00i ð0; tÞ

u000i ð0; tÞ

0BBBB@
1CCCCA ¼ Ci

ui�1ðLi�1; tÞ

u0i�1ðLi�1; tÞ

u00i�1ðLi�1; tÞ

u000i�1ðLi�1; tÞ

0BBBB@
1CCCCA (2)

with Ci being a 4� 4 matrix, which could represent, among other things, a damper, a bend, or a point mass.
There would also be two boundary conditions at each end. It should be pointed out that each of the uiðx; tÞ can
satisfy a different PDE. For example, we could have an Euler–Bernoulli beam suspended by two inclined
cables. The only restriction is that each of the PDEs be a fourth-order equation in the x variable.

The classical method for solving such a system is to assume the solution is of the form

uiðx; tÞ ¼
X
l

yi;lðxÞe
lt, (3)

where the sum is taken over all of the eigenfrequencies l of the system. Technically, though, such a solution is
only guaranteed for Riesz spectral systems, or systems with self-adjoint or skew self-adjoint system operators.
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In these cases, each yi;l will solve an ODE

yiv
i þ pðx; lÞy000i þ qðx; lÞy00i þ rðx; lÞy0i þ sðx; lÞyi ¼ 0 (4)

formed by plugging Eq. (3) into the corresponding PDE. The main problem is finding the eigenfrequencies l.
Even if we can find the general solution to each of the ODEs,

yi;l ¼ ci;1yi;1ðx; lÞ þ ci;2yi;2ðx; lÞ þ ci;3yi;3ðx; lÞ þ ci;4yi;4ðx; lÞ (5)

we would still have 4m equations with 4m unknowns, involving transcendental functions of l. The
eigenfrequencies would be the values for which there is a non-trivial solution, which would amount to finding
the determinant of a 4m� 4m matrix [15].

It should be mentioned that there is another issue here: once we have the eigenfrequencies and their
corresponding eigenfunctions, do these eigenfunctions form an unconditional basis for the state Hilbert space?
If so, the eigenfunctions are said to have the Riesz basis property [16]. Unfortunately, showing that a given
linear system has the Riesz basis property is extremely challenging. For example, the second-order string
vibration system

uttðx; tÞ ¼ uxxðx; tÞ; uð0; tÞ ¼ 0; uxð1; tÞ ¼ �utð1; tÞ (6a2c)

fails to have the Riesz basis property, because there are no eigenfrequencies. Luckily, the system in Fig. 1 can
be considered as a special case of the systems studied in Ref. [16], where the Riesz basis property was proven.
In any case, finding the eigenfrequencies goes a long way toward studying the coupled system.

The transfer matrix method can eliminate the need to use large matrices. The main idea behind this method
is to choose the four linearly independent solutions in Eq. (5) such that

yi;1ð0; lÞ ¼ 1; y0i;1ð0; lÞ ¼ 0; y00i;1ð0; lÞ ¼ 0; y000i;1ð0; lÞ ¼ 0,

yi;2ð0; lÞ ¼ 0; y0i;2ð0; lÞ ¼ 1; y00i;2ð0; lÞ ¼ 0; y000i;2ð0; lÞ ¼ 0,

yi;3ð0; lÞ ¼ 0; y0i;3ð0; lÞ ¼ 0; y00i;3ð0; lÞ ¼ 1; y000i;3ð0; lÞ ¼ 0,

yi;4ð0; lÞ ¼ 0; y0i;4ð0; lÞ ¼ 0; y00i;4ð0; lÞ ¼ 0; y000i;4ð0; lÞ ¼ 1. ð7a2pÞ

We then form the matrix

W i ¼

yi;1ðLi; lÞ yi;2ðLi; lÞ yi;3ðLi; lÞ yi;4ðLi; lÞ

y0i;1ðLi; lÞ y0i;2ðLi; lÞ y0i;3ðLi; lÞ y0i;4ðLi; lÞ

y00i;1ðLi; lÞ y00i;2ðLi; lÞ y00i;3ðLi; lÞ y00i;4ðLi; lÞ

y000i;1ðLi; lÞ y000i;2ðLi; lÞ y000i;3ðLi; lÞ y000i;4ðLi; lÞ

0BBBB@
1CCCCA, (8)

so that

yi;lðLiÞ

y0i;lðLiÞ

y00i;lðLiÞ

y000i;lðLiÞ

0BBBB@
1CCCCA ¼W i

yi;lð0Þ

y0i;lð0Þ

y00i;lð0Þ

y000i;lð0Þ

0BBBB@
1CCCCA. (9)

Using Eqs. (2) and (9), we see that

ym;lðLmÞ

y0m;lðLmÞ

y00m;lðLmÞ

y000m;lðLmÞ

0BBBB@
1CCCCA ¼W mCmW m�1Cm�1 � � �C2W 1

y1;lð0Þ

y01;lð0Þ

y001;lð0Þ

y0001;lð0Þ

0BBBB@
1CCCCA. (10)

Now, we can form a 4� 2 matrix B from the two beginning boundary conditions, and a 2� 4 matrix F using
the boundary conditions at the final end, so that the eigenfrequencies are the solutions to the equation

detðFW mCmW m�1Cm�1 � � �C2W 1BÞ ¼ 0. (11)
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For example, if both ends are clamped, we have y1;lð0Þ ¼ y01;lð0Þ ¼ 0, and ym;lðLmÞ ¼ y0m;lðLmÞ ¼ 0. This can be
expressed by

Bclamped ¼

0 0

0 0

1 0

0 1

0BBB@
1CCCA and F clamped ¼

1 0 0 0

0 1 0 0

� �
. (12a,b)

Likewise, if there is a free end on either side, the second and third derivatives would be zero, so we would use
either

Bfree ¼

1 0

0 1

0 0

0 0

0BBB@
1CCCA or F free ¼

0 0 1 0

0 0 0 1

� �
. (13a,b)

Even though we have a way of finding the eigenfrequencies, Eq. (11) poses some serious problems numerically.
The final determinant typically causes the large order terms to cancel, leaving the smaller order terms behind.
This means that calculating Eq. (11) via a decimal approximations would be unreliable. Calculating Eq. (11)
symbolically eliminates this problem, but the number of terms that cancel increases with m, so even programs
such as Mathematica would get bogged down if m is large. What we need is a way to take the determinant
before the matrices are multiplied together, so that the major cancellation occurs first. The exterior matrices
provide us with this ability.

2. Defining the exterior matrices

Given a 4� 4 matrix M, we can define a linear map M� sending 4� 4 matrices to 4� 4 matrices,
given by

M�ðAÞ ¼MAMT. (14)

This forms a homomorphism, since

M�
1ðM

�
2ðAÞÞ ¼M�

1ðM2AMT
2 Þ ¼M1M2AMT

2 MT
1 ¼ ðM1M2ÞAðM1M2Þ

T
¼ ðM1M2Þ

�
ðAÞ. (15)

Furthermore, M� sends anti-symmetric matrices to anti-symmetric matrices, so we can restrict M� to this
subspace. Since M� is a linear transformation from anti-symmetric matrices to themselves, M� can in turn be
represented by a matrix. A basis for the 4� 4 anti-symmetric matrices is

e1 ¼

0 1 0 0

�1 0 0 0

0 0 0 0

0 0 0 0

0BBB@
1CCCA; e1 ¼

0 0 1 0

0 0 0 0

�1 0 0 0

0 0 0 0

0BBB@
1CCCA; e3 ¼

0 0 0 1

0 0 0 0

0 0 0 0

�1 0 0 0

0BBB@
1CCCA, (16a2c)

e4 ¼

0 0 0 0

0 0 0 0

0 0 0 1

0 0 �1 0

0BBB@
1CCCA; e5 ¼

0 0 0 0

0 0 0 �1

0 0 0 0

0 1 0 0

0BBB@
1CCCA; e6 ¼

0 0 0 0

0 0 1 0

0 �1 0 0

0 0 0 0

0BBB@
1CCCA. (16d2f)
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Note that e5 breaks the pattern, but the reason for this will be clear later. Using this basis, we find that M�,
when restricted to anti-symmetric matrices, can be expressed by the 6� 6 matrix given by

m11 m12

m21 m22

�����
����� m11 m13

m21 m23

�����
����� m11 m14

m21 m24

�����
����� m13 m14

m23 m24

�����
����� �

m12 m14

m22 m24

�����
����� m12 m13

m22 m23

�����
�����

m11 m12

m31 m32

�����
����� m11 m13

m31 m33

�����
����� m11 m14

m31 m34

�����
����� m13 m14

m33 m34

�����
����� �

m12 m14

m32 m34

�����
����� m12 m13

m32 m33

�����
�����

m11 m12

m41 m42

�����
����� m11 m13

m41 m43

�����
����� m11 m14

m41 m44

�����
����� m13 m14

m43 m44

�����
����� �

m12 m14

m42 m44

�����
����� m12 m13

m42 m43

�����
�����

m31 m32

m41 m42

�����
����� m31 m33

m41 m43

�����
����� m31 m34

m41 m44

�����
����� m33 m34

m43 m44

�����
����� �

m32 m34

m42 m44

�����
����� m32 m33

m42 m43

�����
�����

�
m21 m22

m41 m42

�����
����� � m21 m23

m41 m43

�����
����� � m21 m24

m41 m44

�����
����� � m23 m24

m43 m44

�����
����� m22 m24

m42 m44

�����
����� �

m22 m23

m42 m43

�����
�����

m21 m22

m31 m32

�����
����� m21 m23

m31 m33

�����
����� m21 m24

m31 m34

�����
����� m23 m24

m33 m34

�����
����� �

m22 m24

m32 m34

�����
����� m22 m23

m32 m33

�����
�����

0BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

. (17)

Note that the break in the pattern for e5 caused some minus signs to appear in this matrix. Otherwise, we are
finding all possible determinants of 2� 2 submatrices of M. The idea behind forming this matrix is that, by
taking all possible 2� 2 determinants before we multiply the matrices together, we would not have to take a
2� 2 determinant at the end.

This idea actually works for larger square matrices of even order, but we have to use alternating covariant
tensors, or exterior forms, instead of the anti-symmetric matrices [17, p. 202]. For example, if M is a 6� 6
matrix, we can form the 20� 20 matrix, made up of all possible determinants of 3� 3 submatrices. These 400
determinants are arranged according to an appropriate basis for the three dimensional exterior forms on R6.

Because the matrix in Eq. (17) is derived using a basis of the exterior forms, it is natural to call this matrix
the exterior matrix of M, and denote it by extðMÞ.

Because we want to make the exterior matrix method mathematically rigorous, we will need some
introductory proofs. The homomorphism M !M� gives us the first important property of exterior
matrices.

Lemma 1. If M and N are 4� 4 matrices, then

extðMNÞ ¼ extðMÞ � extðNÞ. (18)

We can now show how the exterior matrices can help us in solving Eq. (11). We begin by relabeling the
matrices in Eq. (11). Let n� 1 be the number of 4� 4 matrices, regardless or whether they are coupling
matrices or wave matrices. We can then rewrite Eq. (11) as

detðFMn�1Mn�2 � � �M2M1BÞ ¼ 0, (19)

where the Mj is the jth matrix from the right in Eq. (11). To avoid confusion, we will index the Mj matrices
with j instead of i. Thus, if there is a coupling matrix Ci between each W i as in Eq. (11), then n ¼ 2m,
W i ¼M2i�1, and Ci ¼M2i�2.

Proposition 1. If F is a 2� 4 matrix, and B is a 4� 2 matrix, and Mj are all 4� 4 matrices for 1pjpn� 1, then

detðFMn�1Mn�2 � � �M2M1BÞ ¼ PnPn�1Pn�2 � � �P1P0, (20)
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where

Pn ¼
f 11 f 12

f 21 f 22

�����
����� f 11 f 13

f 21 f 23

�����
����� f 11 f 14

f 21 f 24

�����
����� f 13 f 14

f 23 f 24

�����
����� � f 12 f 14

f 22 f 24

�����
����� f 12 f 13

f 22 f 23

�����
�����

0@ 1A, (21a)

P0 ¼
b11 b12

b21 b22

�����
����� b11 b12

b31 b32

�����
����� b11 b12

b41 b42

�����
����� b31 b32

b41 b42

�����
����� � b21 b22

b41 b42

�����
����� b21 b22

b31 b32

�����
�����

0@ 1AT

(21b)

and Pj ¼ extðMjÞ for 1pjpn� 1.

For example, if both ends are clamped, we would use

Pclamped
n ¼ ð1 0 0 0 0 0Þ and P

clamped
0 ¼ ð0 0 0 1 0 0ÞT. (22a,b)

If one end was free, we would instead use

Pfree
n ¼ ð0 0 0 1 0 0Þ or Pfree

0 ¼ ð1 0 0 0 0 0ÞT. (23a,b)

It should be noted that the proposition would still be true if all of the negative signs in P0, Pn, and Pj were
removed, but the presence of the negative signs adds an additional property to the Pj matrix which we will see
later. Before we can prove this proposition, we first need to prove the following lemma.

Lemma 2. If F is a 2� n matrix, and B is an n� 2 matrix, and we let A be the n� n matrix defined by

aij ¼ bi1bj2 � bi2bj1, then

FAFT ¼
0 d

�d 0

� �
, (24)

where d ¼ detðFBÞ.

Proof. Since, by the definition, A is anti-symmetric, it is clear that FAFT will be anti-symmetric. Thus, we only
need to proof that the element in the first row and second column of FAFT is d. But this element can be
expressed asXn

i¼1

Xn

j¼1

f 1iaijf 2j ¼
Xn

i¼1

Xn

j¼1

f 1iðbi1bj2 � bi2bj1Þf 2j

¼
Xn

i¼1

f 1ibi1

 ! Xn

j¼1

f 2jbj2

 !
�

Xn

i¼1

f 1ibi2

 ! Xn

j¼1

f 2jbj1

 !
¼ d: & ð25Þ

This lemma can be extended to allow F to be an m� n matrix, and B will be an n�m matrix, except we will
have to use m dimensional covariant tensors instead of matrices.

Proof of Proposition 1. We already saw that for each 4� 4 matrix M induces a linear map M� sending 4� 4
matrices to 4� 4 matrices, given by

M�ðAÞ ¼MAMT. (26)

Furthermore, we can define the linear map F� sending 4� 4 matrices to 2� 2 matrices

F�ðAÞ ¼ FAFT. (27)

As before, F� sends anti-symmetric 4� 4 matrices to 2� 2 anti-symmetric matrices. If we pick 0
�1

1
0

� �
as the

single basis element of 2� 2 anti-symmetric matrices, the action of F� can be expressed by

Pn ¼
f 11 f 12

f 21 f 22

�����
����� f 11 f 13

f 21 f 23

�����
����� f 11 f 14

f 21 f 24

�����
����� f 13 f 14

f 23 f 24

�����
����� � f 12 f 14

f 22 f 24

�����
����� f 12 f 13

f 22 f 23

�����
�����

0@ 1A. (28)
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Now, the anti-symmetric matrix A in Lemma 2 can be expressed as a column vector

P0 ¼
b11 b12

b21 b22

�����
����� b11 b12

b31 b32

�����
����� b11 b12

b41 b42

�����
����� b31 b32

b41 b42

�����
����� � b21 b22

b41 b42

�����
����� b21 b22

b31 b32

�����
�����

0@ 1AT

(29)

using the same basis for the 4� 4 anti-symmetric matrices. Thus, Lemma 2 states that

F�M�
n�1M

�
n�2 � � �M

�
2M�

1ðAÞ ¼ ðFMn�1Mn�2 � � �M2 �M1Þ
�
ðAÞ ¼

0 d

�d 0

� �
, (30)

where d ¼ detðFMn�1Mn�2 � � �M2 �M1BÞ. Converting the linear transformations to the corresponding
matrices, we have

PnPn�1Pn�2 � � �P1P0 ¼ d: & (31)

To use Proposition 1, for each joint matrix Ci in Eq. (11) we form the matrix Pj using Eq. (17). This will be
straightforward, since the joint matrices will not involve complicated functions. Then for each transfer matrix
Mj ¼W i, we create the matrix

Pj ¼

yj;1 yj;2

y0j;1 y0j;2

�����
����� yj;1 yj;3

y0j;1 y0j;3

�����
����� yj;1 yj;4

y0j;1 y0j;4

�����
����� yj;3 yj;4

y0j;3 y0j;4

�����
����� �

yj;2 yj;4

y0j;2 y0j;4

�����
����� yj;2 yj;3

y0j;2 y0j;3

�����
�����

yj;1 yj;2

y00j;1 y00j;2

�����
����� yj;1 yj;3

y00j;1 y00j;3

�����
����� yj;1 yj;4

y00j;1 y00j;4

�����
����� yj;3 yj;4

y00j;3 y00j;4

�����
����� �

yj;2 yj;4

y00j;2 y00j;4

�����
����� yj;2 yj;3

y00j;2 y00j;3

�����
�����

yj;1 yj;2

y000j;1 y000j;2

�����
����� yj;1 yj;3

y000j;1 y000j;3

�����
����� yj;1 yj;4

y000j;1 y000j;4

�����
����� yj;3 yj;4

y000j;3 y000j;4

�����
����� �

yj;2 yj;4

y000j;2 y000j;4

�����
����� yj;2 yj;3

y000j;2 y000j;3

�����
�����

y00j;1 y00j;2

y000j;1 y000j;2

�����
����� y00j;1 y00j;3

y000j;1 y000j;3

�����
����� y00j;1 y00j;4

y000j;1 y000j;4

�����
����� y00j;3 y00j;4

y000j;3 y000j;4

�����
����� �

y00j;2 y00j;4

y000j;2 y000j;4

�����
����� y00j;2 y00j;3

y000j;2 y000j;3

�����
�����

�
y0j;1 y0j;2

y000j;1 y000j;2

�����
����� � y0j;1 y0j;3

y000j;1 y000j;3

�����
����� � y0j;1 y0j;4

y000j;1 y000j;4

�����
����� � y0j;3 y0j;4

y000j;3 y000j;4

�����
����� y0j;2 y0j;4

y000j;2 y000j;4

�����
����� �

y0j;2 y0j;3

y000j;2 y000j;3

�����
�����

y0j;1 y0j;2

y00j;1 y00j;2

�����
����� y0j;1 y0j;3

y00j;1 y00j;3

�����
����� y0j;1 y0j;4

y00j;1 y00j;4

�����
����� y0j;3 y0j;4

y00j;3 y00j;4

�����
����� �

y0j;2 y0j;4

y00j;2 y00j;4

�����
����� y0j;2 y0j;3

y00j;2 y00j;3

�����
�����

0BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

, (32)

where yj;1, yj;2, yj;3, and yj;4 satisfy Eqs. (7a–p). This seems like more work on the front end, but the

reward will be the lack of a determinant after multiplying the matrices together. Hence, once the
exterior matrix Pj is found for each type of structural element, that result can be used for a host of different

problems.

Proposition 1 can be extended as Lemma 2 was, using alternating covariant tensors, or exterior forms,
instead of the anti-symmetric matrices [17, p. 202]. For example, if B is 6� 3, F is 3� 6, and the Mj are 6� 6
matrices, then we can find

detðFMn�1Mn�2 � � �M2M1BÞ ¼ PnPn�1Pn�2 � � �P1P0, (33)

where P0 is a 1� 20 matrix, Pn is a 20� 1 matrix, and the Pj are 20� 20 matrices, found using an appropriate
basis for the three-dimensional exterior forms on R6. This was in fact done in Ref. [9], where luckily the
20� 20 matrices were sparse.

The reason for the basis element e5 being negative is so that the exterior matrices will have the following
property.
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Proposition 2. Let

J ¼

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0BBBBBBBB@

1CCCCCCCCA
(34)

be the 6� 6 matrix with a 3� 3 identity matrix on the upper right and lower left corners, and zeros elsewhere.
If P ¼ extðMÞ, then PTJPJ ¼ detðMÞI .

Proof. Let D ¼ PTJPJ. Since JT ¼ J and J2 ¼ I , it is easy to check that JDJ ¼ DT. Note that JDJ

essentially exchanges the upper right and lower left corners of D, as well as the upper left and lower right
corners. Hence, we will only have to prove the proposition for the top half of the D, and use this symmetry for
the lower half.

We can compute

d11 ¼
m11 m12

m21 m22

�����
����� � m33 m34

m43 m44

�����
������ m11 m12

m31 m32

�����
����� � m23 m24

m43 m44

�����
�����þ m11 m12

m41 m42

�����
����� � m23 m24

m33 m34

�����
�����

þ
m31 m32

m41 m42

�����
����� � m13 m14

m23 m24

�����
������ m21 m22

m41 m42

�����
����� � m13 m14

m33 m34

�����
�����þ m21 m22

m31 m32

�����
����� � m13 m14

m43 m44

�����
�����, ð35aÞ

d22 ¼ �
m11 m13

m21 m23

�����
����� � m32 m34

m42 m44

�����
�����þ m11 m13

m31 m33

�����
����� � m22 m24

m42 m44

�����
������ m11 m13

m41 m43

�����
����� � m22 m24

m32 m34

�����
�����

�
m31 m33

m41 m43

�����
����� � m12 m14

m22 m24

�����
�����þ m21 m23

m41 m43

�����
����� � m12 m14

m32 m34

�����
������ m21 m23

m31 m33

�����
����� � m12 m14

m42 m44

�����
�����, ð35bÞ

d33 ¼
m11 m14

m21 m24

�����
����� � m32 m33

m42 m43

�����
������ m11 m14

m31 m34

�����
����� � m22 m23

m42 m43

�����
�����þ m11 m14

m41 m44

�����
����� � m22 m23

m32 m33

�����
�����

þ
m31 m34

m41 m44

�����
����� � m12 m13

m22 m23

�����
������ m21 m24

m41 m44

�����
����� � m12 m13

m32 m33

�����
�����þ m21 m24

m31 m34

�����
����� � m12 m13

m42 m43

�����
�����. ð35cÞ

Now, if we multiply out the terms of d11, we find that we get detðMÞ. Note that d22 looks like the negative of
d11, except that the middle two columns of M are exchanged. Thus, d22 ¼ d11 ¼ detðMÞ. Likewise, d33 is d11

with the last three columns of M permuted, so d33 ¼ d11 ¼ det M. The fact that JDJ ¼ DT tells us that all of
the diagonal elements of D are det M.

To show that the off-diagonal elements of D are all 0, let us look at one particular case.

d12 ¼ �
m11 m12

m21 m22

�����
����� � m32 m34

m42 m44

�����
�����þ m11 m12

m31 m32

�����
����� � m22 m24

m42 m44

�����
������ m11 m12

m41 m42

�����
����� � m22 m24

m32 m34

�����
�����

�
m31 m32

m41 m42

�����
����� � m12 m14

m22 m24

�����
�����þ m21 m22

m41 m42

�����
����� � m12 m14

m32 m34

�����
������ m21 m22

m31 m32

�����
����� � m12 m14

m42 m44

�����
�����. ð36Þ

Note that this expression does not involve any of the elements from the third column of M. In fact, d12 is the
same as d22, except that the third column of M is replaced by the second column. So we are essentially taking
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the determinant of the matrix M 0 formed by replacing the third column of M with the second column. But M 0

has two columns the same, so the determinant is 0. Likewise, all of the off diagonal elements of D

will be 0. &

Note that the matrix P=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðMÞ

p
almost, but not quite, a symplectic matrix. An 2n� 2n matrix A is

symplectic if

(37)

where I is an n� n identity matrix, and 0 is an n� n zero matrix. Proposition 2 shows that if detðMÞa0, then
A ¼ P=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðMÞ

p
satisfies

ATJA ¼ J. (38)

We will call such a matrix pseudo-orthogonal. As close as this is to the definition of symplectic matrices, it is
distinct, since detðJÞ ¼ �1, whereas the determinant of 0

�I
I
0

� �
is always 1. Hence, no change of basis will

convert one definition to the other. (In fact, the pseudo-orthogonal matrices can be described as GO6ðR;F Þ,
where F is the bilinear form x1x4 þ x2x5 þ x3x6.)

Although we have found a relatively easy way of computing the exterior matrix corresponding to the wave
matrices W i, we had to assume that the general solution Eq. (5) was chosen to satisfy Eqs. (7a–p). Although
this is always possible in theory, in practice this involves taking the inverse of a 4� 4 matrix with functions,
which can be very hard to do. However, it is possible to compute the exterior matrix for a wave matrix even if
Eqs. (7a–p) are not satisfied, without inverses.

Proposition 3. If R and S are two 4� 4 matrices, with detðSÞa0, then

extðRS�1Þ

¼ 1= detðSÞ �

hr1; r2; s3; s4i hr1; r2; s4; s2i hr1; r2; s2; s3i hr1; r2; s1; s2i hr1; r2; s1; s3i hr1; r2; s1; s4i

hr1; r3; s3; s4i hr1; r3; s4; s2i hr1; r3; s2; s3i hr1; r3; s1; s2i hr1; r3; s1; s3i hr1; r3; s1; s4i

hr1; r4; s3; s4i hr1; r4; s4; s2i hr1; r4; s2; s3i hr1; r4; s1; s2i hr1; r4; s1; s3i hr1; r4; s1; s4i

hr3; r4; s3; s4i hr3; r4; s4; s2i hr3; r4; s2; s3i hr3; r4; s1; s2i hr3; r4; s1; s3i hr3; r4; s1; s4i

hr4; r2; s3; s4i hr4; r2; s4; s2i hr4; r2; s2; s3i hr4; r2; s1; s2i hr4; r2; s1; s3i hr4; r2; s1; s4i

hr2; r3; s3; s4i hr2; r3; s4; s2i hr2; r3; s2; s3i hr2; r3; s1; s2i hr2; r3; s1; s3i hr2; r3; s1; s4i

0BBBBBBBBBBB@

1CCCCCCCCCCCA
,

ð39Þ

where hri; rj ; sk; sli denotes the determinant of the 4� 4 matrix formed from the ith and jth rows of R, and the kth

and lth rows of S.

Proof. Using Lemma 1, extðRS�1Þ ¼ extðRÞ � ðextðSÞÞ�1. But Proposition 2 tells us that ðextðSÞÞ�1 ¼
J � extðSÞT � J= detðSÞ. Thus, if we let P ¼ extðRÞ � J � extðSÞT � J, we need to show that each entry of P is a
determinant of the above form. But we already showed in Proposition 2 that, when R ¼ S ¼M, each entry of
J � extðMÞ � J � extðMÞT can be expressed as a determinant involving the rows of M.

The entry in the ith row and jth column of P uses the i row of extðRÞ, and the ðj þ 3 ðMod6ÞÞth row of
extðSÞ. However, each row of extðRÞ only uses two of the rows of R. So we find that each entry of P involves
only the elements from two rows of R, and two rows of S. Since we know that if R ¼ S ¼M, each entry can
be expressed as a determinant involving these rows, we can deduce that each entry will be in the form
hri; rj ; sk; sli. By examining the matrix extðRÞ, we can derive the above formula. &

We can use Proposition 3 to find the exterior matrix for the wave transfer matrix. Suppose we have

yi;l ¼ ci;1yi;1ðx; lÞ þ ci;2yi;2ðx; lÞ þ ci;3yi;3ðx; lÞ þ ci;4yi;4ðx; lÞ, (40)



ARTICLE IN PRESS
W.H. Paulsen / Journal of Sound and Vibration 308 (2007) 132–163 141
but Eqs. (7a–p) do not hold. Rather than going to the trouble of inverting a 4� 4 matrix to get the solution
into the form Eq. (5) and Eqs. (7a–p), we can let

Ri ¼

yi;1ðLi; lÞ yi;2ðLi; lÞ yi;3ðLi; lÞ yi;4ðLi; lÞ

y0i;1ðLi; lÞ y0i;2ðLi; lÞ y0i;3ðLi; lÞ y0i;4ðLi; lÞ

y00i;1ðLi; lÞ y00i;2ðLi; lÞ y00i;3ðLi; lÞ y00i;4ðLi; lÞ

y000i;1ðLi; lÞ y000i;2ðLi; lÞ y000i;3ðLi; lÞ y000i;4ðLi; lÞ

0BBBB@
1CCCCA (41a)

and

Si ¼

yi;1ð0; lÞ yi;2ð0; lÞ yi;3ð0; lÞ yi;4ð0; lÞ

y0i;1ð0; lÞ y0i;2ð0; lÞ y0i;3ð0; lÞ y0i;4ð0; lÞ

y00i;1ð0; lÞ y00i;2ð0; lÞ y00i;3ð0; lÞ y00i;4ð0; lÞ

y000i;1ð0; lÞ y000i;2ð0; lÞ y000i;3ð0; lÞ y000i;4ð0; lÞ

0BBBB@
1CCCCA. (41b)

Then W i ¼ RiS
�1
i , and Proposition 3 can be used to find the exterior matrix of W i without computing S�1i .

In fact, this is the way that the exterior matrices were computed in Ref. [11].

3. A simple example

An example of a sequentially coupled fourth-order equation is the problem of finding the eigenfrequencies
of a sequence of Euler–Bernoulli beams joined together with various types of joints. Each beam would satisfy
the equation

mi

q2ui

qt2
þ EiI i

q4ui

qx4
¼ 0, (42)

where mi is the mass per unit length of the ith beam, Li is the length of this beam, and EiI i is the fluxural
rigidity of this beam.

Using Eq. (3), the general solution is the sum of solutions of the form

ui;lðx; tÞ ¼ yi;lðxÞe
lt (43)

for various eigenfrequencies l. Then the yi;l will satisfy

EiI iy
iv
i;l þmil

2yi;l ¼ 0. (44)

By letting ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmi=ðEiI iÞÞ

4
p

and Z ¼ ð1� iÞ
ffiffiffiffiffiffiffiffi
l=2

p
(so that iZ2 ¼ l), we can easily find the exact general

solution to Eq. (44) to be

yi;lðxÞ ¼ Aie
kiZx þ Bie

ikiZx þ Cie
�kiZx þDie

�ikiZx. (45)

In this case, it is not too hard to write the general solution so that it also satisfies Eqs. (7a–p):

yi;lðxÞ ¼ ai

1

2
ðcoshðkiZxÞ þ cosðkiZxÞÞ þ bi

1

2kiZ
ðsinhðkiZxÞ þ sinðkiZxÞÞ

þ ci

1

2k2
i Z2
ðcoshðkiZxÞ � cosðkiZxÞÞ þ di

1

2k3
i Z3
ðsinhðkiZxÞ � sinðkiZxÞÞ, ð46Þ

so we can form the transfer matrix

W i ¼
1

k3
i Z3

k3
i Z

3 HyaðkiZLiÞ k2
i Z

2 HydðkiZLiÞ kiZHycðkiZLiÞ HybðkiZLiÞ

k4
i Z

4 HybðkiZLiÞ k3
i Z

3 HyaðkiZLiÞ k2
i Z

2 HydðkiZLiÞ kiZHycðkiZLiÞ

k5
i Z

5 HycðkiZLiÞ k4
i Z

4 HybðkiZLiÞ k3
i Z

3 HyaðkiZLiÞ k2
i Z

2 HydðkiZLiÞ

k6
i Z

6 HydðkiZLiÞ k5
i Z

5 HycðkiZLiÞ k4
i Z

4 HybðkiZLiÞ k3
i Z

3 HyaðkiZLiÞ

0BBBBB@

1CCCCCA. (47)
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Here, we introduced the ‘‘hybrid functions’’ from Ref. [9]:

HyaðxÞ ¼
coshðxÞ þ cosðxÞ

2
¼

ex þ eix þ e�x þ e�ix

4
, (48a)

HybðxÞ ¼
sinhðxÞ � sinðxÞ

2
¼

ex þ ieix � e�x � ie�ix

4
, (48b)

HycðxÞ ¼
coshðxÞ � cosðxÞ

2
¼

ex � eix þ e�x � e�ix

4
, (48c)

HydðxÞ ¼
sinhðxÞ þ sinðxÞ

2
¼

ex � ieix � e�x þ ie�ix

4
. (48d)

Using Eq. (17), we can find the exterior matrix Pj corresponding to this W i by taking determinants of all 2� 2
submatrices of W i ¼Mj. (Recall that there will also be Pj matrices for the joints as well, so we have
j ¼ 2i � 1.) It is rather clear that some cancellation will take place in these determinants. Even in this simple
example, this can be rather tedious, but Proposition 3 gives us an alternative way of finding Pj . Using the
solution Eq. (45), we find that W i ¼ Ri � S

�1
i , where

Ri ¼

ekiZLi eikiZLi e�kiZLi e�ikiZLi

kiZekiZLi ikiZeikiZLi �kiZe�kiZLi �ikiZe�ikiZLi

k2
i Z

2ekiZLi �k2
i Z

2eikiZLi k2
i Z

2e�kiZLi �k2
i Z

2e�ikiZLi

k3
i Z

3ekiZLi �ik3
i Z

3eikiZLi �k3
i Z

3e�kiZLi ik3
i Z

3e�ikiZLi

0BBBB@
1CCCCA (49a)

and

Si ¼

1 1 1 1

kiZ ikiZ �kiZ �ikiZ

k2
i Z

2 �k2
i Z

2 k2
i Z

2 �k2
i Z

2

k3
i Z

3 �ik3
i Z

3 �k3
i Z

3 ik3
i Z

3

0BBBB@
1CCCCA. (49b)

In this case Si is easily invertible, and in fact detðSiÞ ¼ �16ik
6
i Z

6. Finding the exterior matrices for the various
types of dampers is straightforward. Converting back to the variable l, we find that

Pj ¼

p5 p2 p3 p1 �p4 p3

k4
j l

2p4 p6 p2 p4 �2p3 p2

k4
j l

2p3 k4
j l

2p4 p5 p3 �p2 k4
j l

2p1

k8
j l

4p1 k4
j l

2p2 k4
j l

2p3 p5 �k4
j l

2p4 k4
j l

2p3

�k4
j l

2p2 �2k4
j l

2p3 �k4
j l

2p4 �p2 p6 �k4
j l

2p4

k4
j l

2p3 k4
j l

2p4 k4
j l

2p1 p3 �p2 p5

0BBBBBBBBBBB@

1CCCCCCCCCCCA
, (50)

where

p1 ¼
HyaðkjLj

ffiffiffiffiffi
2l
p
Þ � 1

2k4
j l

2
; p2 ¼

HydðkjLj

ffiffiffiffiffi
2l
p
Þ

kj

ffiffiffiffiffi
2l
p ; p3 ¼

HycðkjLj

ffiffiffiffiffi
2l
p
Þ

2k2
j l

, (51a2c)

p4 ¼
HybðkjLj

ffiffiffiffiffi
2l
p
Þ

k3
j

ffiffiffiffiffiffiffi
2l3

p ; p5 ¼
1þ HyaðkjLj

ffiffiffiffiffi
2l
p
Þ

2
; and p6 ¼ HyaðkjLj

ffiffiffiffiffi
2l
p
Þ. (51d2f)
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Note that k and L are now subscripted by j, so to be consistent with the indexing of the Pj matrices. At first, it
seems ridiculous to replace the 4� 4 transfer matrices with 6� 6 matrices. However, with the transfer
matrices, there was a 2� 2 determinant that still needs to be calculated after the matrices are multiplied, and
the highest order terms cancel in this final determinant. Thus, no approximations can be made in the transfer
matrices. However, with the exterior matrices, there is no final determinant so we can make some
approximations.

Because the eigenvalues l will appear in conjugate pairs, we can assume that ImðlÞX0. Also, because the

joint can only dissipate energy, we know that ReðlÞp0. Thus, we can assume that p=4p argð
ffiffiffiffiffi
2l
p
Þpp=2. In

this wedge, it is easy to see that for large jlj, je�kj Lj

ffiffiffiffi
2l
p

jp1, jeikjLj

ffiffiffiffi
2l
p

jo1, and je�ikjLj

ffiffiffiffi
2l
p

j � 1. Thus, we can

throw out all occurrences of e�kjLj

ffiffiffiffi
2l
p

and eikjLj

ffiffiffiffi
2l
p

, since these are exponentially small compared with

e�ikjLj

ffiffiffiffi
2l
p

. This produces the approximate exterior matrix

ePj ¼

k4
j l

2 ~p1 ~p2 ~p3 ~p1 � ~p4 ~p3

k4
j l

2 ~p4 2k4
j l

2 ~p1 ~p2 ~p4 �2 ~p3 ~p2

k4
j l

2 ~p3 k4
j l

2 ~p4 k4
j l

2 ~p1 ~p3 � ~p2 k4
j l

2 ~p1

k8
j l

4 ~p1 k4
j l

2 ~p2 k4
j l

2 ~p3 k4
j l

2 ~p1 �k4
j l

2 ~p4 k4
j l

2 ~p3

�k4
j l

2 ~p2 �2k4
j l

2 ~p3 �k4
j l

2 ~p4 � ~p2 2k4
j l

2 ~p1 �k4
j l

2 ~p4

k4
j l

2 ~p3 k4
j l

2 ~p4 k4
j l

2 ~p1 ~p3 � ~p2 k4
j l

2 ~p1;

0BBBBBBBBBBB@

1CCCCCCCCCCCA
(52)

with

~p1 ¼
ekjLj

ffiffiffiffi
2l
p

þ e�ikjLj

ffiffiffiffi
2l
p

8k4
j l

2
; ~p2 ¼

ekj Lj

ffiffiffiffi
2l
p

þ ie�ikjLj

ffiffiffiffi
2l
p

4kj

ffiffiffiffiffi
2l
p , (53a,b)

~p3 ¼
ekjLj

ffiffiffiffi
2l
p

� e�ikjLj

ffiffiffiffi
2l
p

8k2
j l

and ~p4 ¼
ekjLj

ffiffiffiffi
2l
p

� ie�ikj Lj

ffiffiffiffi
2l
p

4k3
j

ffiffiffiffiffiffiffi
2l3

p . (53c,d)

By removing the exponentially small terms, the exterior matrix goes from rank 6 to rank 2. In fact, we can now

express the approximate exterior matrix ePj as

ePj ¼
1

8k4
j l

2

1 1

kj

ffiffiffiffiffi
2l
p

�ikj

ffiffiffiffiffi
2l
p

k2
j l �k2

j l

k4
j l

2 k4
j l

2

�k3
j

ffiffiffiffiffiffiffi
2l3

p
�ik3

j

ffiffiffiffiffiffiffi
2l3

p
k2

j l �k2
j l

0BBBBBBBBBBB@

1CCCCCCCCCCCA
�

ekjLj

ffiffiffiffi
2l
p

0

0 e�ikjLj

ffiffiffiffi
2l
p

 !
�

k4
j l

2 k4
j l

2

k3
j

ffiffiffiffiffiffiffi
2l3

p
ik3

j

ffiffiffiffiffiffiffi
2l3

p
k2

j l �k2
j l

1 1

�kj

ffiffiffiffiffi
2l
p

ikj

ffiffiffiffiffi
2l
p

k2
j l �k2

j l

0BBBBBBBBBBB@

1CCCCCCCCCCCA

T

. (54)

If we now replace every Pj that represents a beam length with

eNj ¼
ekjLj

ffiffiffiffi
2l
p

0

0 e�ikjLj

ffiffiffiffi
2l
p

 !
, (55)
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and every Pj that represents a joint with

eNj ¼
1

8k2
j�1k

2
jþ1l

2

k4
jþ1l

2 k4
jþ1l

2

k3
jþ1

ffiffiffiffiffiffiffi
2l3

p
ik3

jþ1

ffiffiffiffiffiffiffi
2l3

p
k2

jþ1l �k2
jþ1l

1 1

�kjþ1

ffiffiffiffiffi
2l
p

ikjþ1

ffiffiffiffiffi
2l
p

k2
jþ1l k2

jþ1l

0BBBBBBBBBBB@

1CCCCCCCCCCCA

T

� Pj �

1 1

kj�1

ffiffiffiffiffi
2l
p

�ikj�1

ffiffiffiffiffi
2l
p

k2
j�1l �k2

j�1l

k4
j�1l

2 k4
j�1l

2

�k3
j�1

ffiffiffiffiffiffiffi
2l3

p
�ik3

j�1

ffiffiffiffiffiffiffi
2l3

p
k2

j�1l �k2
j�1l

0BBBBBBBBBBB@
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(56)

and finally replace

eNn ¼
1

2
ffiffiffi
2
p

k2
n�1l

Pn �

1 1

kn�1

ffiffiffiffiffi
2l
p

�ikn�1

ffiffiffiffiffi
2l
p

k2
n�1l �k2

n�1l

k4
n�1l

2 k4
n�1l

2

�k3
n�1

ffiffiffiffiffiffiffi
2l3

p
�ik3

n�1

ffiffiffiffiffiffiffi
2l3

p
k2

n�1l �k2
n�1l

0BBBBBBBBBB@
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; eN0 ¼

1

2
ffiffiffi
2
p

k2
n�1l

k4
1l

2 k4
1l

2

k3
1

ffiffiffiffiffiffiffi
2l3

p
ik3

1

ffiffiffiffiffiffiffi
2l3

p
k2
1l �k2

1l

1 1

�k1

ffiffiffiffiffi
2l
p

ik1

ffiffiffiffiffi
2l
p

k2
1l k2

1l

0BBBBBBBBBB@

1CCCCCCCCCCA

T

� P0,

(57a,b)

we find that we can solve for the eigenvalues approximately by solving

eNn � eNn�1 � � � eN3 � eN2 � eN1 � eN0 ¼ 0. (58)

Hence, we have simplified the problem to the product of only 2� 2 matrices, as was done in Ref. [18].
The above method for finding the approximate eigenfrequencies l is now even simpler than using the wave

propagation method [8], and gives the identical results. Yet the exterior matrix method is mathematically
rigorous, unlike WPM.
4. Relating infinitesimal generators to the exterior matrices

If the coefficients in Eq. (4) do not depend on x, as in the case of the last example, then it is in fact possible
to construct the exterior matrix Pj without first solving Eq. (4). This is because the matrix W i would have a
simple infinitesimal generator:

G ¼ Li

0 1 0 0

0 0 1 0

0 0 0 1

�sðlÞ �rðlÞ �qðlÞ �pðlÞ

0BBBB@
1CCCCA. (59)

That is,

W i ¼ eG ¼ lim
h!0
ðI4 þ hGÞ1=h, (60)

where I4 is the 4� 4 identity matrix. Because of Lemma 1, we can find the infinitesimal generator of extðW iÞ

rather easily.
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Proposition 4. If G is the infinitesimal generator of M, so that M ¼ eG, then the limit

Z ¼ lim
h!0

extðI4 þ hGÞ � I6

h
(61)

exists, and eZ ¼ extðMÞ. That is, Z is the infinitesimal generator of extðMÞ.

Proof. Since extðI4 þ xGÞ is clearly a differentiable function of x, and Z is merely the derivative of this with
respect to x at x ¼ 0, we see that the limit exists. Then

eZ ¼ lim
h!0
ðI6 þ hZÞ1=h

¼ lim
h!0
ðextðI4 þ hG þOðh2

ÞÞÞ
1=h
¼ lim

h!0
extððI4 þ hG þOðh2

ÞÞ
1=h
Þ ¼ extðMÞ. (62)

Here, Oðh2
Þ means terms of order h2, which would not affect the final limit. So we see that Z becomes the

infinitesimal generator of extðMÞ. &

We can now apply Proposition 4 to find the exterior matrix for a constant coefficient equation very quickly.
Using Eq. (17), we can compute Z to be

Z ¼ Lj �

0 1 0 0 0 0

0 0 1 0 0 1

�rðlÞ �qðlÞ �pðlÞ 0 �1 0

0 sðlÞ 0 �pðlÞ 0 rðlÞ

�sðlÞ 0 0 �1 �pðlÞ qðlÞ

0 0 0 0 �1 0

0BBBBBBBB@

1CCCCCCCCA
. (63)

Hence, we can calculate the exterior matrix Pj directly by taking the exponential of a fairly sparse matrix.
Interestingly enough, the eigenvalues of Z are precisely the six possible sums of two of the eigenvalues of G.

For example, the Timoshenko [19,20] is a widely used model for studying the transverse vibrations of
beams. This model is given by two coupled second-order partial differential equations:

ðEIfxÞx þ kAGðux � fÞ � rIftt ¼ 0, (64a)

ðkAGðux � fÞÞx � rAutt ¼ F ðx; tÞ, (64b)

where uðx; tÞ is the lateral displacement at time t of the point at position x, and fðx; tÞ is the cross-sectional
rotation due to bending. As in the Euler–Bernoulli beam, E is the Young’s modulus, and I is the cross-
sectional inertia. This equation introduced the variables G ¼ modulus of elasticity in shear, r ¼ mass density
per unit length, A ¼ cross�sectional area, k is a constant introduced to account for the geometry-dependent
distribution of shearing stress, and F ðx; tÞ is an applied force. If we let F ðx; tÞ ¼ 0, we can eliminate fðx; tÞ to
produce a single fourth-order equation for each beam in the system

mi

q2ui

qt2
þ EiI i

q4ui

qx4
þ

I iri

kiGi

q4ui

qt4
�

riEiI i

kiGi

þ I iri

� �
q4ui

qx2 qt2
¼ 0, (65)

where mi ¼ riAi ¼ mass per unit length. This gives rise to the constant coefficient equation for y:

yiv
i;lðxÞ �

l2ri

kiGi

þ
l2ri

Ei

� �
y00i;lðxÞ þ

r2i l
4

kiGiEi

þ
mil

2

EiI i

� �
yi;lðxÞ ¼ 0. (66)

Thus, we can compute Pj as

exp

0 Lj 0 0 0 0

0 0 Lj 0 0 Lj

0 g1Lj 0 0 �Lj 0

0 g2Lj 0 0 0 0

�g2Lj 0 0 �Lj 0 �g1Lj

0 0 0 0 �Lj 0

0BBBBBBBBB@

1CCCCCCCCCA
, (67)



ARTICLE IN PRESS
W.H. Paulsen / Journal of Sound and Vibration 308 (2007) 132–163146
where

g1 ¼
l2rj

kjGj

þ
l2rj

Ej

; g2 ¼
r2j l

4

kjGjEj

þ
mjl

2

EjI j

(68a,b)

and j ¼ 2i � 1. This can be done fairly easily using Mathematica. We can express this matrix as

Pj ¼

p7 p8 p9 p10 p11 p12

�q2
j l

4p11 p13 p8 �p11 p14 p15

q2
j l

4p12 p16 p17 p12 �p15 p18

q4
j l

8p10 q2
j l

4p8 q2
j l

4p9 p7 q2
j l

4p11 q2
j l

4p12

�q2
j l

4p8 q2
j l

4p14 q2
j l

4p11 �p8 p13 �p16

q2
j l

4p9 �q2
j l

4p11 q2
j l

4p10 p9 �p8 p17

0BBBBBBBBBBB@

1CCCCCCCCCCCA
, (69)

where

p7 ¼
qjs

2
j coshðLjlrjÞ � qjr

2
j coshðLjlsjÞ þ qjr

2
j � qjs

2
j þ 2r2j s2j

2r2j s2j
; p8 ¼

sj sinhðLjlrjÞ þ rj sinhðLjlsjÞ

2lrjsj

, (70a,b)

p9 ¼
s2j coshðLjlrjÞ þ r2j coshðLjlsjÞ � r2j � s2j

2l2r2j s2j
; p10 ¼

s2j coshðLjlrjÞ � r2j coshðLjlsjÞ þ r2j � s2j

2l4qjr
2
j s2j

, (70c,d)

p11 ¼
rj sinhðLjlsjÞ � sj sinhðLjlrjÞ

2l3qjrjsj

; p12 ¼
s2j uj coshðLjlrjÞ � r2j vj coshðLjlsjÞ þ r4j � s4j

8l2qjr
2
j s2j

, (70e,f)

p13 ¼
coshðLjlsjÞ þ coshðLjlrjÞ

2
; p14 ¼

coshðLjlsjÞ � coshðLjlrjÞ

2l2qj

, (70g,h)

p15 ¼
sjuj sinhðLjlrjÞ � rjvj sinhðLjlsjÞ

8lqjrjsj

; p16 ¼
lsjuj sinhðLjlrjÞ þ lrjvj sinhðLjlsjÞ

8rjsj

, (70i,j)

p17 ¼
s2j uj coshðLjlrjÞ þ r2j vj coshðLjlsjÞ � ðr

2
j � s2j Þ

2

8r2j s2j
,

p18 ¼
s2j u2

j coshðLjlrjÞ � r2j v2j coshðLjlsjÞ þ ðr
2
j � s2j Þ

3

32r2j s2j qj

ð70k; lÞ

and we introduced the variables

rjðlÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rj

Gjkj

þ
rj

Ej

þ
2rj

Ej

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mjEj

l2r2j I j

þ
Ej

Gjkj

svuut ; sjðlÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rj

Gjkj

þ
rj

Ej

�
2rj

Ej

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mjEj

l2r2j I j

þ
Ej

Gjkj

svuut ,

qjðlÞ ¼
rj

Ej

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mjEj

l2r2j I j

þ
Ej

Gjkj

s
¼

rjðlÞ
2
� sjðlÞ

2

4
; ujðlÞ ¼ 3rjðlÞ

2
þ sjðlÞ

2; vjðlÞ ¼ 3sjðlÞ
2
þ rjðlÞ

2. (71a2e)

Thus, we have found the exterior matrix for the Timoshenko beam without having to solve the original fourth-
order equation.

There are other applications to using the infinitesimal generators. In Ref. [10], the infinitesimal generator for
an Euler–Bernoulli beam was added to the infinitesimal generator of a bend in the beam. By exponentiating
this sum, we get a matrix representing a beam that is curved to form an arc of a circle. Using Eq. (45) allows us
to find the exterior matrix for a curved beam directly, by exponentiating a 6� 6 matrix.
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Although infinitesimal generators only work if the differential equations are constant coefficient, for non-
constant coefficient equations we can, in principle, use a method akin to the finite element method. By dividing
the beam into small pieces, each piece can be approximated with a constant coefficient equation, and so the
exterior matrix for that small piece can easily be computed. The problem then amounts to multiplying many
6� 6 matrices together, each of which is close to the identity matrix. But since we do not have to take the
determinant at the end, this is not hard to do numerically. This method is one way to explore the problem of a
tapering Euler–Bernoulli beam, whose radius changes over the distance of the beam.

5. Bypassing the solution to the differential equations

We have seen how using the 6� 6 exterior matrices instead of the 4� 4 transfer matrices saves us from
having to take a determinant at the end of multiplying the matrices together. We pushed the numerically
difficult aspect of the problem forward, allowing us to make approximations earlier on, without the worry of
cancellation errors. The major cancellation that used to take place in the final determinant now takes place in
the construction of the exterior matrix Pj. In a sense, we are lifting the transfer matrices into the exterior
algebra space, and working the problem in this higher dimensional space. This works well if we have the exact

solution to the differential equation (4). Unfortunately, this is not always possible. For example, the equation
for an inclined cable with a small amount of sag cannot be solved exactly. Rather, some crude approximations
were used to express the solution in terms of Airy functions [21]. But if the solutions to the differential
equations are approximations, one wonders how accurate the 4� 4 determinants will be in Proposition 3,
because of all of the cancellations. Even if we do have the exact solutions to Eq. (4), they may be so ugly that
calculating the exterior matrix would be difficult.

Interestingly enough, the Airy functions canceled out in the computation of the exterior matrix for the
inclined cable problem [11]. This suggests that it may be possible to push the numerically difficult aspect even
further forward, by lifting Eq. (4) into the exterior algebra space. We expect the new equation to be sixth
order, but we would need only the approximate solutions to this new equation, and construct the approximate
exterior matrix ePj from these solutions. In which case, we will never have to solve Eq. (4) in the first place, and
cancellation errors never have a chance to show up.

The key is to use the symmetry in the problem. The matrix W i expresses the solution to Eq. (4) at x ¼ Li in
terms of the solution at x ¼ 0. In order to exploit the symmetry, we add a parameter x to the problem by
determining the solution at x ¼ Li in terms of the solution at x ¼ x. The added difficulty often comes in
finding W i with the additional parameter, since we have to replace the 0’s in Eqs. (41a,b) with x’s. For
constant coefficient equations, this amounts to replacing every Li with Li � x in W i. For equations which are
not constant coefficient, we can use Eq. (9) to see that W iðLi; x; lÞ ¼W iðLiÞ �W

�1
i ðxÞ.

Once we have W iðLi; x; lÞ with the added parameter, we can take advantage of the symmetry. Note that
W iðx;Li; lÞ finds the solution to the original equation at x ¼ x in terms of the solution at x ¼ Li. Thus,
W iðx;Li; lÞ ¼W�1

i ðLi; x; lÞ. We can now use Lemma 1 to show that the exterior matrix Pjðx;Li; lÞ ¼
P�1j ðLi; x; lÞ: But Proposition 2 gives us another way to find the inverse of Pj:

P�1j ¼
JPT

j J

detðW iÞ
. (72)

Since we can calculate the determinant of W i using Abel’s formula [22, p. 223] to be

DjðLj ; x; lÞ ¼ exp �

Z Lj

x
pðx; lÞdx

� �
, (73)

we have

DjðLj ; x; lÞPjðx;Lj ; lÞ ¼ J � PT
j ðLj ; x; lÞ � J. (74)

The extra variable gives us other interesting properties of the exterior matrices. Since W jðLj ; xÞ ¼W jðLjÞ�

W�1
j ðxÞ, by Lemma 1 we have that PjðLj ; x; lÞ ¼ PjðLjÞ � P

�1
j ðxÞ. Thus,

Pjðx1; x2; lÞ � Pjðx2; x3; lÞ ¼ Pjðx1; x3; lÞ. (75)
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But there is yet another interesting relationship between the elements of Pj . It is clear that

d

dx

yi;1ðx; lÞ yi;2ðx; lÞ

y0i;1ðx; lÞ y0i;2ðx; lÞ

�����
����� ¼ yi;1ðx; lÞ yi;2ðx; lÞ

y00i;1ðx; lÞ y00i;2ðx; lÞ

�����
�����. (76)

By the same token, if we let Pj;uv denote the ðu; vÞ entry in the matrix PjðLi; x; lÞ, then by looking at the entries
of Eq. (32), we find that

q
qLj

Pj;1v ¼ Pj;2v;
q
qLj

Pj;6v ¼ �Pj;5v;
q
qLj

Pj;2v ¼ Pj;3v þ Pj;6v,

q
qLj

Pj;3v ¼ �Pj;5v � pðLj ; lÞPj;3v � qðLj ; lÞPj;2v � rðLj ; lÞPj;1v,

q
qLj

Pj;4v ¼ �pðLj ; lÞPj;4v þ rðLj ; lÞPj;6v þ sðLj ; lÞPj;2v,

q
qLj

Pj;5v ¼ �Pj;4v � pðLj ; lÞPj;5v þ qðLj ; lÞPj;6v � sðLj ; lÞPj;1v. ð77a2fÞ

Eqs. (77a–d) can be used to find Pj;3v in terms of Pj;1v:

2
q
qLj

Pj;3v þ pðLj ; lÞPj;3v ¼
q3

qL3
j

Pj;1v � qðLj ; lÞ
q
qLj

Pj;1v � rðLj ; lÞPj;1v. (78)

This can be solved, using D�1=2j as the integrating factor, and integrating by parts:

Pj;3v ¼
1

2

q2

qL2
j

Pj;1v �
1

4
pðLjÞ

q
qLj

Pj;1v þ
1

4
p0ðLjÞPj;1v þ

1

8
pðLjÞ

2Pj;1v �
1

2
qðLjÞPj;1v

þ
1

16

ffiffiffiffiffi
Dj

p Z
D�1=2j QðLjÞPj;1v dLj þ CvðxÞ

ffiffiffiffiffi
Dj

p
, ð79Þ

where

QðxÞ ¼ �pðxÞ3 þ 4pðxÞ qðxÞ � 8rðxÞ � 6pðxÞ p0ðxÞ þ 8q0ðxÞ � 4p00ðxÞ. (80)

If we are fortunate enough so that QðxÞ � 0, then the integral in Eq. (79) cancels out. We can then continue to
use Eqs. (77e,f) to find a differential equation for which Pi;1v satisfies for all six elements. Surprisingly enough,
this turns out to be only a fifth-order equation, since one integral was used in Eq. (79). We then can
reconstruct the entire matrix Pj with just one solution to the new equation.

Theorem 1. If the coefficients of Eq. (4) for some i satisfy QðxÞ � 0, where QðxÞ is defined by Eq. (80), then we

can let f ðLj ; xÞ be the unique solution to the fifth-order ordinary differential equation:

16
q5

qL5
j

f þ ð32qðLjÞ � 12pðLjÞ
2
� 48p0ðLjÞÞ

q3

qL3
i

f þ ð48q0ðLjÞ � 36pðLjÞp
0ðLjÞ � 72p00ðLjÞÞ

q2

qL2
j

f

þ ðpðLjÞ
4
� 8pðLjÞ

2qðLjÞ þ 16qðLjÞ
2
� 64sðLjÞ � 32qðLjÞp

0ðLjÞ � 12p0ðLjÞ
2
þ 16pðLjÞq

0ðLjÞ

þ 48q00ðLjÞ � 44pðLjÞp
00ðLjÞ � 56p000ðLjÞÞ

q
qLi

f

þ ð16qðLjÞq
0ðLjÞ � 16rðLjÞp

0ðLjÞ � 12pðLjÞp
0ðLjÞ

2
� 4pðLjÞ

2q0ðLjÞ þ 8p0ðLjÞq
0ðLjÞ � 32s0ðLjÞ

þ 8pðLjÞq
00ðLjÞ � 16qðLjÞp

00ðLjÞ � 24p0ðLjÞp
00ðLjÞ þ 16q000ðLjÞ � 16pðLjÞp

000ðLjÞ � 16pivðLjÞÞf ¼ 0

ð81Þ

using the initial conditions

f
��
Lj¼x
¼

q
qLj

f

����
Lj¼x
¼

q2

qL2
j

f

�����
Lj¼x

¼
q3

qL3
j

f

�����
Lj¼x

¼ 0;
q4

qL4
j

f

�����
Lj¼x

¼ 2. (82a,b)



ARTICLE IN PRESS
W.H. Paulsen / Journal of Sound and Vibration 308 (2007) 132–163 149
Then f ðLj ; xÞ will be a symmetrical function in Lj and x, that is, f ðLj ; xÞ ¼ f ðx;LjÞ, and we can construct the
exterior matrix Pj corresponding to W i ¼Mj using the equation

Pj ¼
ffiffiffiffiffi
Dj

p
ðDLj
ððJ �Dxðf ðLj ; xÞÞÞ

T
Þ � GðLjÞ

T
� GðxÞ � J=2Þ. (83)

Here, GðxÞ is the row matrix

GðxÞ ¼ 1
4
ð0 0 � 4 ½4qðxÞ � pðxÞ2 � 2p0ðxÞ� 2pðxÞ 4Þ (84)

and Dx is the operator matrix

Dx ¼

1
q
qx
�

pðxÞ

2

1

2

q2

qx2
�

3

4
pðxÞ

q
qx
þ

3pðxÞ2 � 4qðxÞ

8
d1

d2

1

2

q2

qx2
�

1

4
pðxÞ

q
qx
þ

4qðxÞ � 4p0ðxÞ � pðxÞ2

8

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
, (85)

where

d1 ¼
1

2

q4

qx4
�

1

4
pðxÞ

q3

qx3
þ

4qðxÞ � 5p0ðxÞ � pðxÞ2

4

q2

qx2

þ
pðxÞ3 � 4pðxÞqðxÞ � 6pðxÞp0ðxÞ þ 16q0ðxÞ � 20p00ðxÞ

16

q
qx

þ
2qðxÞ2 � 4sðxÞ � 3qðxÞp0ðxÞ � pðxÞp00ðxÞ þ 2q00ðxÞ � 2p000ðxÞ

4

þ
pðxÞ4 � 8pðxÞ2qðxÞ þ 6pðxÞ2p0ðxÞ

32
, ð86aÞ

and

d2 ¼ �
1

2

q3

qx3
þ

1

2
pðxÞ

q2

qx2
þ

3p0ðxÞ � 2qðxÞ

4

q
qx
þ

4pðxÞqðxÞ � pðxÞ3 � 8q0ðxÞ þ 8p00ðxÞ

16
. (86b)

Here, the partial derivatives are applied to whatever follows. Thus, Dx can be applied to a single function,
producing a column matrix, or can be applied to a row matrix, producing a matrix with 6 rows. Also,
the variable x can be replaced by any variable, so that Dx would have all partial derivatives taken with respect
to x.

At first it would seem that the case where QðxÞ ¼ 0 would be rather rare. However, in both the
Euler–Bernoulli beam and Timoshenko beam equations, the QðxÞ in Eq. (80) is exactly zero. Before continuing
with the proof, let us demonstrate how Theorem 1 is used. We find that for the Timoshenko equation (65),
pðxÞ ¼ rðxÞ ¼ 0,

qðxÞ ¼ �l2r
1

kG
þ

1

E

� �
and sðxÞ ¼

r2l4

kGE
þ

ml2

EI

� �
. (87a,b)

Eq. (81) gives us

16f v
ðLjÞ � 32l2r

1

kG
þ

1

E

� �
f 000ðLjÞ þ 16l4r2

1

kG
þ

1

E

� �2

� 64
r2l4

kGE
þ

ml2

EI

� � !
f 0ðLjÞ ¼ 0. (88)
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Solving this equation with the initial conditions f ðxÞ ¼ f 0ðxÞ ¼ f 00ðxÞ ¼ f 000ðxÞ ¼ 0 and f iv
ðxÞ ¼ 2 yields the

unique solution

f ¼
r

Gkc
þ

r
Ec
�

2r
Ec

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE

l2r2I
þ

E

Gk

s !
cosh lðLj � xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

Gk
þ

r
E
þ

2r
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE

l2r2I
þ

Ej

Gk

svuut0@ 1A
�

r
Gkc
þ

r
Ec
þ

2r
Ec

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE

l2r2I
þ

Ej

Gk

s !
cosh lðLj � xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r

Gk
þ

r
E
�

2r
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE

l2r2I
þ

E

Gk

svuut0@ 1A
þ

4r
Ec

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE

l2r2I
þ

E

Gk

s
, ð89Þ

where

c ¼ l4
2r
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE

l2r2I
þ

E

Gk

s
r

Gk
þ

r
E

� 	2
�

4r2

E2

mE

l2r2I
þ

E

Gk

� �� �
. (90)

Then f is indeed a symmetric function of Lj and x. The row matrix G for this example would be given by

G ¼ 0 0 �1
�l2r
kG
þ
�l2r

E

� �
0 1

 !
, (91)

while the operator Dx would simplify to

Dx ¼

1
q
qx

1

2

q2

qx2
þ

l2r
2kG
þ

l2r
2E

� �
1

2

q4

qx4
þ
�l2r
kG
þ
�l2r

E

� �
q2

qx2
þ

l4r2

2k2G2
þ

l4r2

2E2
�

ml2

EI

� �
�
1

2

q3

qx3
þ

l2r
2kG
þ

l2r
2E

� �
q
qx

1

2

q2

qx2
þ
�l2r
2kG

þ
�l2r
2E

� �

0BBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCA

. (92)

Then Eq. (83) will find PjðLj ; xÞ for the Timoshenko beam. Finally, setting x ¼ 0 reproduces Eq. (69). Note
that Eq. (89) contains all of the information to analyze a Timoshenko beam structure, yet is much more
concise than Eq. (69).

Proof of Theorem 1. The key to the proof is to define f ðLi; x; lÞ in terms of one of the entries of the matrix Pj,
and then use this definition to show that it possesses all of the required properties. If we let

f ðLi; x; lÞ ¼ Pj;14ðLi; x; lÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DjðLi; xÞ

p
, then since the element Pj;14 is fixed by the transformation Pj ! J�

PT
j � J, Eq. (74) shows that f ðLi; x; lÞ would indeed be a symmetrical function in Lj and x.
To show that f ðLi; xÞ satisfies the initial conditions, we use the fact that Pj becomes the identity matrix when

Lj ¼ x. That is,

Pj;uv

��
Lj¼x
¼

0 if uav;

1 if u ¼ v:



(93)

Using Eqs. (77a–f), one can find any number of partial derivatives of any element of Pj in terms of an
expression without derivatives. In particular, Pj;14 is seen to satisfy Eqs. (82a,b), and since Dðx; xÞ ¼ 1,
f ðLj ; x; lÞ will also satisfy Eqs. (82a,b).
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Again using Eq. (93), it is clear that the CvðxÞ in Eq. (79) is zero when v ¼ 4 and Q ¼ 0. Then, using Eq. (79)
with Eqs. (77a–f), we can find a fifth-order equation for which Pj;14 is a solution:

4
q5

qL5
j

Pj;14 þ 10pðLjÞ
q4

qL4
j

Pj;14 þ ð7pðLjÞ
2
þ 8qðLjÞ þ 8p0ðLjÞÞ

q3

qL3
j

Pj;14

þ ð14pðLjÞqðLjÞ � 4rðLjÞ þ 16q0ðLjÞÞ
q2

qL2
j

Pj;14

þ ð5pðLjÞ
2qðLjÞ � pðLjÞ

4
þ 4qðLjÞ

2
� 2pðLjÞrðLjÞ � 16sðLjÞ � 9pðLjÞ

2p0ðLjÞ þ 4qðLjÞp
0ðLjÞ � 6p0ðLjÞ

2

þ 18pðLjÞq
0ðLjÞ � 10pðLjÞp

00ðLjÞ þ 12q00ðLjÞ � 4p000ðLjÞÞ
q
qLj

Pj;14

þ ð4pðLjÞqðLjÞ
2
� pðLjÞ

3qðLjÞ þ pðLjÞ
2rðLjÞ � 4qðLjÞrðLjÞ � 8pðLjÞsðLjÞ � 2pðLjÞ

3p0ðLjÞ

� 4pðLjÞqðLjÞp
0ðLjÞ þ 2rðLjÞp

0ðLjÞ � 6pðLjÞp
0ðLjÞ

2
þ 3pðLjÞ

2q0ðLjÞ þ 8qðLjÞq
0ðLjÞ þ 2p0ðLjÞq

0ðLjÞ

� 8s0ðLjÞ � 6pðLjÞ
2p00ðLjÞ � 2qðLjÞp

00ðLjÞ � 8p0ðLjÞp
00ðLjÞ þ 8pðLjÞq

00ðLjÞ � 6pðLjÞp
000ðLjÞ

þ 4q000ðLjÞ � 2pivðLjÞÞPj;14 ¼ 0. ð94Þ

Making the substitution Pj;14 ¼ f
ffiffiffiffiffi
Dj

p
yields Eq. (81). Since there is a unique solution which also satisfies

Eq. (93), we see that the two definitions of f ðLj ; x; lÞ are equivalent.
Finally, we must show how to express the entire matrix Pj in terms of f ðLj ; x; lÞ. It is clear that Pj;14 can be

expressed easily, and in fact Eqs. (77a–f) allows us to express the fourth column of Pj in terms of f ðLj ; x; lÞ.
But to get the rest of the matrix Pj, we apply the symmetry property of Eq. (74). For example, if we apply

Eq. (74) to the element Pj;15, we find that

DjPj;15ðx;LjÞ ¼ Pj;24ðLj ; xÞ ¼
q
qLj

Pj;14 ¼
q
qLj

ðf
ffiffiffiffiffi
Dj

p
Þ ¼ �

ffiffiffiffiffi
Dj

p pðLjÞ

2
f þ

ffiffiffiffiffi
Dj

p q
qLj

f . (95)

Here, we used that qDj=qLj ¼ �pðLjÞ. Now, exchanging the variables Lj and x, and using the fact that

Dðx;LjÞ ¼ DðLj ; xÞ
�1, we get

Pj;15ðLj ; xÞ ¼ �
ffiffiffiffiffi
Dj

p pðxÞ
2

f þ
ffiffiffiffiffi
Dj

p q
qx

f , (96)

where we use the symmetry property of f ðLj ; xÞ ¼ f ðx;LjÞ. In this way, we can determine the first row of Pj in

terms of f .
Finding the element Pj;36 is a bit trickier. When we plug in the initial conditions Eq. (93) into Eq. (79) with

Q ¼ 0, we find that when v ¼ 6, Cv is �1=2. Thus,

Pj;36 ¼
1

2

q2

qL2
j

Pj;16 �
1

4
pðLjÞ

q
qLj

Pj;16 þ
1

4
p0ðLjÞPj;16 þ

1

8
pðLjÞ

2Pj;16 �
1

2
qðLjÞPj;16 �

1

2

ffiffiffiffiffi
Dj

p
. (97)

Now we can use Eqs. (77a–f) to find the sixth column of Pj in terms of f , which when ‘‘rotated’’ through
Eq. (74) also gives us the third row of Pj. With both the first and the third rows determined in terms of
f ðLj ; x; lÞ, Eqs. (77a–f) determine the whole matrix. Mathematica can verify that, in fact, Eq. (83) produces the
exact same result, so the theorem is proved. The fact that Pj factors nicely in Eq. (83) is not too surprising
given that, first of all, Pj becomes a linear (but not homogeneous) function of f ðLi; x; lÞ, and secondly, going
up and down a column always uses derivatives with respect to Li, whereas going across a row uses derivatives
with respect to x. &

6. The general case Qa0

The proof to Theorem 1 introduced the idea that Eq. (74) can be used to ‘‘rotate’’ any equation involving
elements in the same column of Pj, and produce an equation involving elements in the same row. We can apply



ARTICLE IN PRESS
W.H. Paulsen / Journal of Sound and Vibration 308 (2007) 132–163152
this technique to Eq. (79), and we find that

DjPj;v6ðx;LjÞ ¼ Pj;3vðLj ; xÞ ¼
1

2

q2

qL2
j

Pj;1vðLj ; xÞ �
1

4
pðLjÞ

q
qLj

Pj;1vðLj ; xÞ

þ
1

4
p0ðLjÞ þ

1

8
pðLjÞ

2
�

1

2
qðLjÞ

� �
Pj;1vðLj ; xÞ

þ
1

16

ffiffiffiffiffi
Dj

p Z
D�1=2j QðLjÞPj;1vðLj ; xÞdLj þ CvðxÞ

ffiffiffiffiffi
Dj

p
. ð98Þ

Here, v ¼ vþ 3 or v� 3, whichever is in the range of 1–6. Exchanging Lj and x causes Dj to become D�1j , so we
have

D�1j Pj;v6ðLj ; xÞ ¼
1

2

q2

qx2
Pj;1vðx;Lj ; Þ �

1

4
pðxÞ

q
qx

Pj;1vðx;LjÞ þ
1

4
p0ðxÞ þ

1

8
pðxÞ2 �

1

2
qðxÞ

� �
Pj;1vðx;LjÞ

þ
1

16
D�1=2j

Z
D1=2

j QðxÞPj;1vðx;LjÞdxþ CvðLjÞD
�1=2
j . ð99Þ

But Pj;1vðx;LjÞ ¼ Pj;v4ðLj ; xÞ=Dj. Making this substitution, and finally multiplying by Dj gives us

Pj;v6 ¼
1

2

q2

qx2
Pj;v4 �

5

4
pðxÞ

q
qx

Pj;v4 �
1

4
p0ðxÞPj;v4 þ

7

8
pðxÞ2Pj;v4 �

1

2
qðxÞPj;v4

þ
1

16

ffiffiffiffiffi
Dj

p Z
D�1=2j QðxÞPj;v4 dxþ CvðLjÞ

ffiffiffiffiffi
Dj

p
. ð100Þ

Eqs. (79) and (100) are the key to extending Theorem 1 to the case where Qa0.

Theorem 2. If the coefficients of Eq. (4) are such that Qa0, where QðxÞ is defined in Eq. (80), then we can let

f ðLj ; x; lÞ be the unique solution to the sixth-order ordinary differential equation

16RðLjÞ
q6f

qL6
j

þ 80R0ðLjÞ
q5f

qL5
j

þ ðð32q� 48p0 � 12p2ÞRðLjÞ þ 160R00ðLjÞÞ
q4f

qL4
j

þ ðð48q0 � 72p00 � 36pp0ÞRðLjÞ þ ð96q� 144p0 � 36p2ÞR0ðLjÞ þ 160R000ðLjÞÞ
q3f

qL3
j

þ ðð3p4 � 16p2qþ 16q2 þ 16pr� 64sþ 12p2p0 � 32qp0 � 12ðp0Þ2 � 36pp00 þ 48q00 � 56p000ÞRðLjÞ

þ ð16pq� 4p3 � 32r� 96pp0 þ 128q0 � 160p00ÞR0ðLjÞ þ ð96q� 144p0 � 36p2ÞR00ðLjÞ þ 80RivðLjÞÞ
q2f

qL2
j

þ ðð3p3p0 � 12pqp0 þ 8rp0 þ 6pðp0Þ2 � 4p2q0 þ 16qq0 � 16p0q0 � 32s0 � 16qp00 � 12p0p00 þ 8pq00

� 16pp000 þ 16q000 � 16pivÞRðLjÞ

þ ð2p4 � 12p2qþ 16q2 þ 8pr� 64sþ 6p2p0 � 32qp0 � 12ðp0Þ2 þ 8pq0 � 40pp00 þ 48q00 � 56p000ÞR0ðLjÞ

þ ð8pq� 2p3 � 16r� 48pp0 þ 64q0 � 80p00ÞR00ðLjÞ þ ð32q� 12p2 � 48p0ÞR000ðLjÞ

þ 16RvðLjÞÞ
qf

qLj

�
QðLjÞ

4
f ¼ 0 ð101Þ

using the initial conditions f ðx; xÞ ¼ �128,

q
qLj

f

����
Lj¼x
¼

q2

qL2
j

f

�����
Lj¼x

¼
q3

qL3
j

f

�����
Ljx

¼
q4

qL4
j

f

�����
Lj¼x

¼
q5

qL5
j

f

�����
Lj¼x

¼ 0. (102)

Here, RðLjÞ ¼ 1=QðLjÞ, and the functions p, q, r, and s are all evaluated at Lj . Then f ðLj ; xÞ will again be a
symmetrical function, f ðLj ; x; lÞ ¼ f ðx;Lj ; lÞ, and we can construct the exterior matrix Pj corresponding to
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W i ¼Mj by the equation

Pj ¼
ffiffiffiffiffi
Dj

p
DLj
ððJ �Dxðf ðLj ; xÞÞÞ

T
Þ, (103)

where we have

Dx ¼

RðxÞ
q
qx

RðxÞ
q2

q2x
þ
�pðxÞRðxÞ þ 2R0ðxÞ

2

q
qx

d3

d4

d5

d6

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
(104)

and

d3 ¼
RðxÞ

2

q3

qx3
þ
�3pðxÞRðxÞ þ 4R0ðxÞ

4

q2

qx2
þ

3pðxÞ2RðxÞ � 4qðxÞRðxÞ � 6pðxÞR0ðxÞ þ 4R00ðxÞ

8

q
qx
þ

1

16
, (105a)

d4 ¼
RðxÞ

2

q5

qx5
þ
�pðxÞRðxÞ þ 8R0ðxÞ

4

q4

qx4

þ
�pðxÞ2RðxÞ þ 4qðxÞRðxÞ � 5p0ðxÞRðxÞ � 3pðxÞR0ðxÞ þ 12R00ðxÞ

4

q3

qx3

þ
pðxÞ3 � 4pðxÞqðxÞ þ 4rðxÞ þ 4q0ðxÞ � 8p00ðxÞ

8
RðxÞ

q2

qx2

þ
8qðxÞR0ðxÞ � 2pðxÞ2R0ðxÞ � 10p0ðxÞR0ðxÞ � 3pðxÞR00ðxÞ þ 8R000ðxÞ

4

q2

qx2

þ
pðxÞ3 � 4pðxÞqðxÞ � 6pðxÞp0ðxÞ þ 16q0ðxÞ � 20p00ðxÞ

16
R0ðxÞ

q
qx

þ
4qðxÞR00ðxÞ � pðxÞ2R00ðxÞ � 5p0ðxÞR00ðxÞ � pðxÞR000ðxÞ þ 2RivðxÞ

4

q
qx

þ
2qðxÞ2 � 4sðxÞ � 3qðxÞp0ðxÞ � pðxÞp00ðxÞ þ 2q00ðxÞ � 2p000ðxÞ

4
RðxÞ

q
qx

þ
pðxÞ4 � 8pðxÞ2qðxÞ þ 6pðxÞ2p0ðxÞ

32
RðxÞ

q
qx
þ

pðxÞ2 � 4qðxÞ þ 2p0ðxÞ

64
, ð105bÞ

d5 ¼
�RðxÞ

2

q4

qx4
þ

pðxÞRðxÞ � 3R0ðxÞ

2

q3

qx3
þ
�2qðxÞRðxÞ þ 3p0ðxÞRðxÞ þ 4pðxÞR0ðxÞ � 6R00ðxÞ

4

q2

qx2

þ
4pðxÞqðxÞ � pðxÞ3 � 4rðxÞ � 3pðxÞp0ðxÞ þ 2p00ðxÞ

8
RðxÞ

q
qx

þ
3p0ðxÞR0ðxÞ � 2qðxÞR0ðxÞ þ 2pðxÞR00ðxÞ � 2R000ðxÞ

4

q
qx
�

pðxÞ

32
, ð105cÞ

d6 ¼
RðxÞ

2

q3

qx3
þ
�pðxÞRðxÞ þ 4R0ðxÞ

4

q2

qx2
þ
ð4qðxÞ � pðxÞ2 � 4p0ðxÞÞRðxÞ � 2pðxÞR0ðxÞ þ 4R00ðxÞ

8

q
qx
�

1

16
.

(105d)

Eq. (101) (or Eq. (81) in the case Q ¼ 0) is called the exterior equation for the differential equation (4). This
equation is essentially the original equation lifted up into the exterior algebra space.
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Proof. Once again, we will define f ðLj ; xÞ in a totally different way using the matrix Pj, and then show the two
definitions are equivalent. In order to be able to evaluate the integrals in Eq. (79) and Eq. (100), we let

f ðLj ; x; lÞ ¼
Z x

0

Z Lj

0

D�1=2j ðs; tÞPj;14ðs; t; lÞQðsÞQðtÞdsdtþ C1ðLjÞ þ C2ðxÞ þ C3, (106)

where the functions C1ðLjÞ, C2ðxÞ, and the constant C3 will be determined later. Then Pj;14 can be expressed in
terms of this new function

Pj;14ðLj ; x; lÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DjðLj ; xÞ

p
QðLjÞQðxÞ

q2

qLj qx
f ðLj ; x; lÞ, (107)

but also the integrals in Eq. (79) and Eq. (100) can also be done. If fact, we can choose C2ðxÞ so that

Pj;34 ¼
1

2

q2

qL2
j

Pj;14 �
1

4
pðLjÞ

q
qLj

Pj;14 þ
1

4
p0ðLjÞPj;14 þ

1

8
pðLjÞ

2Pj;14 �
1

2
qðLjÞPj;14 þ

ffiffiffiffiffi
Dj

p
16QðxÞ

q
qx

f ðLj ; xÞ. (108)

Likewise, we can choose C1ðLjÞ so that

Pj;16 ¼
1

2

q2

qx2
Pj;14 �

5

4
pðxÞ

q
qx

Pj;14 �
1

4
p0ðxÞPj;14 þ

7

8
pðxÞ2Pj;14 �

1

2
qðxÞPj;14 þ

ffiffiffiffiffi
Dj

p
16QðLjÞ

q
qLj

f ðLj ; xÞ, (109)

so we now have determined f ðLj ; xÞ up to an arbitrary constant C3. In order to find Pj;36, we have to integrate
either Z

D�1=2j QðLjÞPj;16 dLj or

Z
D�1=2j QðxÞPj;34 dx. (110a,b)

To do these integrals, we express Pj;34 and Pj;16 solely in terms of the function f ðLj ; xÞ.

Pj;34 ¼

ffiffiffiffiffi
Dj

p
QðxÞ

1

16

q
qx

f ðLj ; xÞ þ
3pðLjÞ

2

8QðLjÞ
�

qðLjÞ

2QðLjÞ
þ

3pðLjÞQ
0ðLjÞ

4QðLjÞ
2
þ

Q0ðLjÞ
2

QðLjÞ
3
�

Q00ðLjÞ

2QðLjÞ
2

 !
q2

qLj qx
f ðLj ; xÞ

 

þ
�3pðLjÞ

4QðLjÞ
�

Q0ðLjÞ

QðLjÞ
2

 !
q3

qL2
j qx

f ðLj ; xÞ þ
1

2QðLjÞ

q4

qL3
j qx

f ðLj ; xÞ

!
.

Pj;16 ¼

ffiffiffiffiffi
Dj

p
QðLjÞ

1

16

q
qLj

f ðLj ; xÞ þ
3pðxÞ2

8QðxÞ
�

qðxÞ
2QðxÞ

þ
3pðxÞQ0ðxÞ

4QðxÞ2
þ

Q0ðxÞ2

QðxÞ3
�

Q00ðxÞ

2QðxÞ2

� �
q2

qLj qx
f ðLj ; xÞ

�
þ
�3pðxÞ
4QðxÞ

�
Q0ðxÞ

QðxÞ2

� �
q3

qLj qx
2

f ðLj ; xÞ þ
1

2QðxÞ
q4

qLj qx
3

f ðLj ; xÞ

!
. ð111a;bÞ

We then find, expressing the answer in terms of both f ðLj ; xÞ and Pj;14, that

Pj;36 ¼
7pðLjÞ

2pðxÞ2 � 28qðLjÞpðxÞ
2
� 4pðLjÞ

2qðxÞ þ 16qðLjÞqðxÞ
64

Pj;14ðLj ; xÞ

þ
7p0ðLjÞpðxÞ

2
� 4p0ðLjÞqðxÞ � pðLjÞ

2p0ðxÞ þ 4qðLjÞp
0ðxÞ � 2p0ðLjÞp

0ðxÞ
32

Pj;14ðLj ; xÞ

þ
pðxÞð20qðLjÞ � 10p0ðLjÞ � 5pðLjÞ

2
Þ

32

q
qx

Pj;14ðLj ; xÞ þ
pðLjÞð4qðxÞ þ 2p0ðxÞ � 7pðxÞ2Þ

32

q
qLj

Pj;14ðLj ; xÞ

þ
pðLjÞ

2
� 4qðLjÞ þ 2p0ðLjÞ

16

q2

qx2
Pj;14ðLj ; xÞ þ

7pðxÞ2 � 4qðxÞ � 2p0ðxÞ
16

q2

qL2
j

Pj;14ðLj ; xÞ
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þ
5pðLjÞpðxÞ

16

q2

qLj qx
Pj;14ðLj ; xÞ �

pðLjÞ

8

q3

qLj qx
2

Pj;14ðLj ; xÞ �
5pðxÞ
8

q3

qL2
j qx

Pj;14ðLj ; xÞ

þ
1

4

q4

qL2
j qx

2
Pj;14ðLj ; xÞ þ

ffiffiffiffiffi
Dj

p
32QðLjÞ

q3

qL3
j

f ðLj ; xÞ þ

ffiffiffiffiffi
Dj

p
32QðxÞ

q3

qx3
f ðLj ; xÞ

þ
ffiffiffiffiffi
Dj

p �3pðLjÞ

64QðLjÞ
�

Q0ðLjÞ

16QðLjÞ
2

 !
q2

qL2
j

f ðLj ; xÞ þ
ffiffiffiffiffi
Dj

p �3pðxÞ
64QðxÞ

�
Q0ðxÞ

16QðxÞ2

� �
q2

qx2
f ðLj ; xÞ

þ
ffiffiffiffiffi
Dj

p 3pðLjÞ
2

128QðLjÞ
�

qðLjÞ

32QðLjÞ
þ

3pðLjÞQ
0ðLjÞ

64QðLjÞ
2
þ

Q0ðLjÞ
2

16QðLjÞ
3
�

Q00ðLjÞ

32QðLjÞ
2

 !
q
qLj

f ðLj ; xÞ

þ
ffiffiffiffiffi
Dj

p 3pðxÞ2

128QðxÞ
�

qðxÞ
32QðxÞ

þ
3pðxÞQ0ðxÞ

64QðxÞ2
þ

Q0ðxÞ2

16QðxÞ3
�

Q00ðxÞ

32QðxÞ2

� �
q
qx

f ðLj ; xÞ þ

ffiffiffiffiffi
Dj

p
256

f ðLj ; xÞ. ð112Þ

If we use Eq. (79) to compute this equation, there is an extra C6ðxÞ
ffiffiffiffiffi
Dj

p
term, where C6ðxÞ is a function of only

x. However, if we instead use Eq. (100) to derive Eq. (112), there is an extra C6ðLjÞ
ffiffiffiffiffi
Dj

p
term, where C6ðLjÞ

depends only on Lj. Thus, the extra term would be of the form k
ffiffiffiffiffi
Dj

p
, where k depends neither on Lj nor x.

But then we still have C3 left undetermined in Eq. (106), so we can choose C3 so that this extra term is
absorbed into the last term of Eq. (112).

We now can use Eqs. (77a–f) to compute the entire matrix Pj in terms of the function f ðLj ; xÞ as we did in
Theorem 1. Mathematica then can verify that Eq. (103) holds for this f . But we still need to show that this f is
the same as the one defined in the theorem. We can do this by determining the new f ðLj ; xÞ from the matrix Pj.
Using Eqs. (107)–(112), and then eliminating the derivatives via Eqs. (77a–f), we find that

f ðLj ; xÞ ¼ D�1=2j ðð8pðLjÞ
2p0ðxÞ þ 8pðxÞ2p0ðLjÞÞPj;14 � ð16pðLjÞ

2qðxÞ þ 16pðxÞ2qðLjÞÞPj;14

þ 4pðLjÞ
2pðxÞ2Pj;14 þ 64qðLjÞqðxÞPj;14 � ð32p0ðLjÞqðxÞ þ 32p0ðxÞqðLjÞÞPj;14 þ 16p0ðLjÞp

0ðxÞPj;14

þ ð16pðLjÞ
2Pj;13 þ 16pðxÞ2Pj;64Þ � ð64qðLjÞPj;13 þ 64qðxÞPj;64Þ þ ð32p0ðLjÞPj;13 þ 32p0ðxÞPj;64Þ

þ ð64qðLjÞPj;16 þ 64qðxÞPj;34Þ � ð16pðLjÞ
2Pj;16 þ 16pðxÞ2Pj;34Þ � ð32p0ðLjÞPj;16 þ 32p0ðxÞPj;34Þ

þ ð32qðLjÞpðxÞPj;15 þ 32qðxÞpðLjÞPj;24Þ � ð8pðLjÞ
2pðxÞPj;15 þ 8pðxÞ2pðLjÞPj;24Þ

� ð16p0ðLjÞpðxÞPj;15 þ 16p0ðxÞpðLjÞPj;24Þ � ð32pðLjÞPj;23 þ 32pðxÞPj;65Þ

þ ð32pðLjÞPj;26 þ 32pðxÞPj;35Þ � ð64Pj;33 þ 64Pj;66Þ þ 16pðLjÞpðxÞPj;25 þ 64Pj;63 þ 64Pj;36Þ. ð113Þ

Eq. (113) is grouped so as to emphasize the symmetric properties of f ðLj ; xÞ. Using Eq. (74), it can be seen that
f ðLj ; xÞ ¼ f ðx;LjÞ.

We can also find the sixth order equation for which f ðLj ; xÞ satisfies. By plugging Eqs. (107) and (111a,b) into
Eqs. (77a–f), we derive Eq. (101). However, the last step in deriving Eq. (101) from Eq. (107) and Eqs. (111a,b) is
to integrate with respect to x, so in principle there could be a non-homogeneous term gðLjÞ on the right-hand
side of Eq. (101). However, by plugging Eq. (113) into Eq. (101), and simplifying via Eqs. (77a–f), we find that
the non-homogeneous term is indeed zero, so Eq. (101) is correct. (The trick to avoid a huge mess is to realize
that since gðLjÞ does not depend on x, one can set x ¼ Lj after taking the derivatives to simplify the expression.)

Using Eq. (113), we find that indeed f ðx; xÞ ¼ �128. Also, using Eq. (109) along with Eqs. (77a–f), we find
that Eq. (102) also holds. Thus, the f ðLj ; xÞ we defined in the proof is the same as the one defined in the
theorem. &

7. Bypassing the initial conditions

Unfortunately, the exterior Eqs. (81) and (101) can rarely be solved exactly. But since we can get by with an
asymptotic approximation to Pj , we only need an approximate solution to f ðLi; xÞ, since the derivative
operations will preserve the asymptotic estimates. That is, if we have an asymptotic approximation valid for
Lj4x as either jlj ! 1, or perhaps as some other perturbation parameter �! 0, then we can compute the
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asymptotic approximation for the whole matrix Pj, which in turn will allow us to compute the eigenvalues for
the system. However, with only the approximate solutions, the initial conditions will be useless. However, we
can use the symmetry property f ðLj ; xÞ ¼ f ðx;LjÞ instead of the initial conditions to determine the arbitrary
constants. Let us break down the steps in how to do this.

Suppose we can find the linearly independent approximate solutions to Eq. (81) or Eq. (101) as a function of
Lj4x valid as either jlj ! 1 or as �! 0. We can then express an approximation to f ðLj ; x; lÞ as

f ðLj ; x; lÞ	C1ðx; lÞf 1ðLj ; lÞ þ C2ðx; lÞf 2ðLj ; lÞ þ � � � þ Ckðx; lÞf kðLj ; lÞ. (114)

Because the asymptotic approximation is not valid if x ¼ Lj, the initial conditions are useless in determining
C1 through Ck. However, f ðLj ; x; lÞ was designed to be symmetrical in the variables Lj and x. Since we also
know the linear dependence on x, we have that

f ðLj ; x; lÞ	F ðx; lÞ � SðlÞ � F ðLj ; lÞ
T, (115)

where F ðx; lÞ is the row vector ðf 1ðxÞ; f 2ðxÞ; . . . ; f kðxÞÞ, and SðlÞ is a symmetric matrix that does not depend on
either x nor Lj.

At this point, we can use Eq. (83) or Eq. (103) to calculate an asymptotic approximation for Pj. We will call

this approximate matrix ePjðLj ; x; lÞ. In fact, because SðlÞ and F ðLjÞ do not depend on x, we see that DxðF ðxÞ �
SðlÞ � F ðLjÞÞ

T
¼ ðDxðF ðxÞÞ � SðlÞ � F ðLjÞ

T: Continuing in this way, we see that Eq. (83) tells us

Pj	
ffiffiffiffiffi
Dj

p
MðLjÞ � SðlÞ �MðxÞ

T
� J �

ffiffiffiffiffi
Dj

p
GðLjÞ

T
� GðxÞ � J=2, (116)

where MðxÞ ¼ DxðF ðxÞÞ.
However, we still have the answer in terms of the undetermined coefficients of the matrix SðlÞ. But we also

have the result from Proposition 2:

PjðLj ; lÞ
T
� J � PjðLj ; lÞ � J ¼ DjI . (117)

This means that

D�1j
ePjðLj ; lÞ

T
� J � ePjðLj ; lÞ ¼ Oð1Þ as jlj ! 1 (118)

meaning that the exponentially increasing functions must cancel on the right-hand side. We also have the
result from Eq. (75), indicating that if x14x24x3, then ePj will be an approximation for Pj as jlj ! 1, so we
have ePjðx1; x2; lÞ � ePjðx2; x3; lÞ	ePjðx1; x3; lÞ as jlj ! 1. (119)

We now can take advantage of Eqs. (118) and (119). Plugging Eq. (116) into Eq. (118), and assuming that the
elements of G are subdominant to the elements of F as jlj ! 1 (a fairly safe assumption), we obtain

MðxÞ � SðlÞ �MðLjÞ
T
� J �MðLjÞ � SðlÞ �MðxÞ

T
¼ Oð1Þ. (120)

Also, Eq. (119) gives us

Mðx1Þ � SðlÞ �Mðx2Þ
T
� J �Mðx2Þ � SðlÞ �Mðx3Þ

T
	Mðx1Þ � SðlÞ �Mðx3Þ

T. (121)

If the matrix MðxÞ has full rank (another safe assumption, since f 1ðxÞ; f 2ðxÞ; . . . ; f kðxÞ are linearly
independent), this tells us that

SðlÞ �Mðx2Þ
T
� J �Mðx2Þ � SðlÞ	SðlÞ. (122)

This greatly simplifies Eq. (120) to

MðxÞ � SðlÞ �MðxÞT ¼ Oð1Þ. (123)

This equation will determine most of the undetermined coefficients of SðlÞ. It is not hard to use Eq. (122) to
solve for the remaining coefficients.
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8. One final example

The Euler–Bernoulli equation for a beam with variable coefficients [13] is

q2

qx2
EiI iðxÞ

q2ui

qx2

� �
þmiðxÞ

q2ui

qt2
¼ 0, (124)

where now miðxÞ and I iðxÞ can vary along the beam. Even in this generalized form, the Riesz bases condition is
satisfied [16,23]. We will consider the special case where a beam with constant density ri whose cross section at

x is a solid circle of radius �ixþ bi, then miðxÞ ¼ ripð�ixþ biÞ
2, and the cross-sectional moment of inertial

about the y-axis is I iðxÞ ¼ ripð�ixþ biÞ
4=4. If we let ki ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmið0Þ=ðEiI ið0ÞÞÞ

4
p

, then we get the fourth-order

equation:

yiv
i þ

8�i

�ixþ bi

y000i þ
12�2i

ð�ixþ biÞ
2

y00i þ
l2k4

i b
2
i

ð�ixþ biÞ
2

yi ¼ 0. (125)

This actually does have an exact solution in terms of Bessel functions [13]. If we let l ¼ iZ2 as in Section 3, then

yi ¼
1

�ixþ b
ðc1I2ðZyiðxÞÞ þ c2J2ðZyiðxÞÞ þ c3K2ðZyiðxÞÞ þ c4Y 2ðZyiðxÞÞ, (126)

where yiðxÞ ¼ 2ki

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ibixþ b2i

q
=�i. However, it would be difficult to generate Pj;14 from this solution. Besides, if

the tapered beam were hollow, and the inside and outside radii of the cross sections were not a constant ratio,
then the differential equation cannot even be solved via Bessel functions [13]. However, we find from Eq. (125)
that QðxÞ ¼ 0. (This happens for all equations coming from Eq. (124).)

Applying Eq. (81) to Eq. (125), we find that f ðLj ; xÞ satisfies

16f v
ðxÞ �

64k4
j b

2
j l

2

ð�jxþ bjÞ
2

f 0ðxÞ þ
64�jk

4
j b

2
j l

2

ð�jxþ bjÞ
3

f ðxÞ ¼ 0. (127)

Letting z ¼ k2
j bjlð�jxþ bjÞ=�

2
j simplifies this equation to

f v
ðzÞ �

4

z2
f 0ðzÞ þ

4

z3
f ðzÞ ¼ 0 (128)

Note that as either jlj ! 1 or as �j ! 0, then z!1. Thus, we need to find the asymptotic approximations

to the solutions of Eq. (128) at the irregular singular point z ¼ 1. We substitute f ¼ eSðzÞ, f 0 ¼ eSðzÞS0ðzÞ,

f 00 ¼ eSðzÞðS00ðzÞ þ S0ðzÞ2Þ, etc., and use the method of dominant balance [24, p. 80]. Along with the exact

solution S0 ¼ 1=z, we find the approximate solutions

S0ðzÞ	in
ffiffiffi
2

z

r
þ

1

z
þ
ð�iÞn15

16
ffiffiffi
2
p z�3=2 þ

ð�1Þn15

32z2
þ � � � ; where n ¼ 1; 2; 3; or 4. (129)

Converting back to the original variables, we have the approximate solutions

f nðxÞ ¼ e2i
nkj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lð�jbjxþb

2
j Þ

p
=�j ð�jxþ bjÞ 1�

ð�iÞn15�j

8kj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lð�jbjxþ b2j Þ

q þ
ð�1Þn105�2j

128k2
j ð2lð�jbjxþ b2j ÞÞ

þ � � �

0B@
1CA (130)

for n ¼ 1; 2; 3, or 4. The fifth solution, ð�jxþ bjÞ, is subdominant to another solution regardless of the

argument of l, so it can be left out.
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All of the differential operators of Dx will not change the exponentially growing component of the
functions. Thus, for Eq. (123) to be satisfied, we must have

ðeiz e�z e�iz ezÞ �

C1ðlÞ C2ðlÞ C3ðlÞ C4ðlÞ

C2ðlÞ C5ðlÞ C6ðlÞ C7ðlÞ

C3ðlÞ C6ðlÞ C8ðlÞ C9ðlÞ

C4ðlÞ C7ðlÞ C9ðlÞ C10ðlÞ

0BBBB@
1CCCCA �

eiz

e�z

e�iz

ez

0BBB@
1CCCA ¼ Oð1Þ as jlj ! 1, (131)

where z ¼ 2kj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lð�jbjxþ b2j Þ

q
=�j . This quickly tells us that C1 ¼ C2 ¼ C4 ¼ C5 ¼ C6 ¼ C8 ¼ C9 ¼ C10 ¼ 0.

With only 2 unknowns left, it is easy to use Eq. (122) to find that C3 and C7 can either be 0 or 1=ð8b2j k4
j l

2
Þ. But

in order for ePj to end up with a rank of at least two, we find that both C3 and C7 must be non-zero. (We can

also see this by noting that when �j ¼ 0, the classical Euler–Bernoulli solution must be obtained.) Thus, we

have a unique reasonable solution for f ðLj ; xÞ, which can generate the matrix, namely

f ðLj ; xÞ ¼
1

8b2j k4
j l

2
ðf 1ðxÞ f 2ðxÞ f 3ðxÞ f 4ðxÞÞ �

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

0BBBBB@

1CCCCCA �
f 1ðLjÞ

f 2ðLjÞ

f 3ðLjÞ

f 4ðLjÞ

0BBBBB@

1CCCCCA
¼
X4
n¼1

e
2inkjbj

ffiffiffiffi
2l
p
ðLj�xÞ=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�jbjLjþb

2
j

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�jbjxþb

2
j

p
Þ

8b2j k4
j l

2
ð�jLj þ bjÞ

�1
ð�jxþ bjÞ

�1

� 1�
ð�iÞn15�j

8kj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lð�jbjLj þ b2j Þ

q þ
ð�iÞn15�j

8kj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lð�jbjxþ b2j Þ

q þ � � �

0B@
1CA, ð132Þ

where we rationalized the numerators in the exponential functions. If we now make the same assumptions that

we did for the uniform Euler–Bernoulli equation, that p=4p arg
ffiffiffi
l
p

pp=2 and Lj4x, then the two terms n ¼ 1

and 2 become exponentially small as jlj ! 1.
Dropping these two terms and setting x ¼ 0 will create the exterior matrix ePj. As a 6� 6 matrix, this is hard

to display, but Eq. (83) gives us bonus information. Because only two of the four exponential functions were

kept under the assumptions p=4p
ffiffiffi
l
p

pp=2, we know that only two of the four non-zero entries of SðlÞ were
important. This means that, no matter how many terms of the asymptotic series we keep, the matrix for ePj will

have rank two. Dropping the terms of f ðLj ; xÞ that are exponentially small gives us

ef ðLj ; xÞ ¼
1

8b2j k4
j l

2
ðf 3ðLjÞf 1ðxÞ þ f 4ðLjÞf 2ðxÞÞ. (133)

Plugging this into Eq. (83) tells us that

ePj	

ffiffiffiffiffi
Dj

p
8b2j k4

j l
2
ðDLj
ðf 3ðLjÞÞ � ðJ �Dxðf 1ðxÞÞÞ

T
þDLj

ðf 4ðLjÞÞ � ðJ �Dxðf 2ðxÞÞÞ
T
Þ. (134)

Plugging in x ¼ 0, we can express

ePj ¼
1

8b2j r8j l
2k4

j

U �
ezj 0

0 e�izj

� �
� VT, (135)

where

U ¼
DLj
ðf 4ðLjÞÞ

e2
ffiffiffiffi
2l
p

kjrjbj=�j

DLj
ðf 3ðLjÞÞ

e�2i
ffiffiffiffi
2l
p

kjrjbj=�j

����� �
(136a)
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and

V ¼ J �
Dxðf 2ðxÞÞ

e�2
ffiffiffiffi
2l
p

kjbj=�j

Dxðf 1ðxÞÞ

e2i
ffiffiffiffi
2l
p

kjbj=�j

����� �����
x¼0

. (136b)

Here, we introduced the variables

rj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bj�jLj þ b2j

q
=bj and zj ¼ 2kjbj

ffiffiffiffiffi
2l
p

Lj=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�jbjLj þ b2j

q
þ bjÞ. (136a,b)

Evaluating U and V gives us

U ¼
1

8kjr
3
j

ffiffiffiffiffi
2l
p

8
ffiffiffiffiffi
2l
p

bjkjr
5
j � 15�jr

4
j 8

ffiffiffiffiffi
2l
p

bjkjr
5
j � 15i�jr

4
j

16lbjk
2
j r4j � 39

ffiffiffiffiffi
2l
p

�jkjr
3
j �16ilbjk

2
j r4j � 39

ffiffiffiffiffi
2l
p

�jkjr
3
j

8
ffiffiffiffiffiffiffi
2l3

p
bjk

3
j r3j � 99l�jk

2
j r2j �8

ffiffiffiffiffiffiffi
2l3

p
bjk

3
j r3j þ 99il�jk

2
j r2j

8
ffiffiffiffiffiffiffi
2l5

p
bjk

5
j rj � 63l2�jk

4
j 8

ffiffiffiffiffiffiffi
2l5

p
bjk

5
j rj � 63il2�jk

4
j

�16l2bjk
4
j r2j þ 67

ffiffiffiffiffiffiffi
2l3

p
�jk

3
j rj �16il

2bjk
4
j r2j � 67

ffiffiffiffiffiffiffi
2l3

p
�jk

3
j rj

8
ffiffiffiffiffiffiffi
2l3

p
bjk

3
j r3j � 35l�jk

2
j r2j �8

ffiffiffiffiffiffiffi
2l3

p
bjk

3
j r3j þ 35il�jk

2
j r2j

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
(138a)

and

V ¼
1

8kj

ffiffiffiffiffi
2l
p

8
ffiffiffiffiffiffiffi
2l5

p
bjk

5
j þ 63l2�jk

4
j 8

ffiffiffiffiffiffiffi
2l5

p
bjk

5
j þ 63il2�jk

4
j

16l2bjk
4
j þ 67

ffiffiffiffiffiffiffi
2l3

p
�jk

3
j 16il2bjk

4
j � 67

ffiffiffiffiffiffiffi
2l3

p
�jk

3
j

8
ffiffiffiffiffiffiffi
2l3

p
bjk

3
j þ 35l�jk

2
j �8

ffiffiffiffiffiffiffi
2l3

p
bjk

3
j � 35il�jk

2
j

8
ffiffiffiffiffi
2l
p

bjkj þ 15�j 8
ffiffiffiffiffi
2l
p

bjkj þ 15i�j

�16lbjk
2
j � 39

ffiffiffiffiffi
2l
p

�jkj 16ilbjk
2
j � 39

ffiffiffiffiffi
2l
p

�jkj

8
ffiffiffiffiffiffiffi
2l3

p
bjk

3
j þ 99l�jk

2
j �8

ffiffiffiffiffiffiffi
2l3

p
bjk

3
j � 99il�jk

2
j

0BBBBBBBBBBBBB@

1CCCCCCCCCCCCCA
. (138b)

Thus, we can find the eigenfrequences of a sequence of tapered Euler–Bernoulli beams via multiplying two by
two matrices together, as we did for the uniform beams in Section 3.
9. Numerical results

Fig. 1 shows beam consisting of 3 segments, each of length L, with the beginning of the first segment fixed,
and the end of the last segment free. However, the first and third segments are tapered, ranging from a radius
of R to a radius of 2R. We will let E be the Young’s modulus for all three segments.

For the first segment, we can express the radius at the point x to be r ¼ Rx=Lþ R, ð0pxpLÞ, so �1 ¼ R=L,
and b1 ¼ R. The radius of the third segment can be expressed as r ¼ 2R� Rx=L, ð0pxpLÞ, so �3 ¼ �R=L,

and b3 ¼ 2R. Then r1 ¼
ffiffiffi
2
p

, while r3 ¼
ffiffiffi
2
p

=2. Also, since kj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4=Ejb

2
j

4

q
, we have k1 ¼ E�1=4

ffiffiffi
2
p

=
ffiffiffiffi
R
p

, whereas

k3 ¼ E�1=4=
ffiffiffiffi
R
p

. Yet z1 and z3 turn out to be equal,

z1 ¼ z3 ¼
4
ffiffiffi
l
p

L

E1=4
ffiffiffiffi
R
p
ð1þ

ffiffiffi
2
p
Þ
, (139)
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a byproduct of the fact that the first and last segments are mirror images of each other. If we let

Z ¼ ð1� iÞLE�1=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l=ð2RÞ

p
, so that iZ2 ¼ L2l=ðR

ffiffiffiffi
E
p
Þ, then we can express the U and V matrices as

U1 ¼
R

16ZL4

32L4Zþ ð15i� 15ÞL4 32L4Z� ð15þ 15iÞL4

ð32þ 32iÞL3Z2 � 78L3Z ð32� 32iÞL3Z2 � 78L3Z

32iL2Z3 � ð99þ 99iÞL2Z2 �32iL2Z3 þ ð99i� 99ÞL2Z2

�32Z5 þ ð63� 63iÞZ4 �32Z5 þ ð63þ 63iÞZ4

ð32� 32iÞLZ4 þ 134iLZ3 ð32þ 32iÞLZ4 � 134iLZ3

32iL2Z3 � ð35þ 35iÞL2Z2 �32iL2Z3 þ ð35i� 35ÞL2Z2

0BBBBBBBBBBB@

1CCCCCCCCCCCA
, ð140aÞ

U3 ¼
R

32ZL4

32L4Zþ ð15� 15iÞ
ffiffiffi
2
p

L4 32L4Zþ ð15þ 15iÞ
ffiffiffi
2
p

L4

ð32þ 32iÞ
ffiffiffi
2
p

L3Z2 þ 156L3Z ð32� 32iÞ
ffiffiffi
2
p

L3Z2 þ 156L3Z

64iL2Z3 þ ð198þ 198iÞ
ffiffiffi
2
p

L2Z2 �64iL2Z3 þ ð198� 198iÞ
ffiffiffi
2
p

L2Z2

�128Z5 þ ð252i� 252Þ
ffiffiffi
2
p

Z4 �128Z5 � ð252þ 252iÞ
ffiffiffi
2
p

Z4

ð64� 64iÞ
ffiffiffi
2
p

LZ4 � 536iLZ3 ð64þ 64iÞ
ffiffiffi
2
p

LZ4 þ 536iLZ3

64iL2Z3 þ ð70þ 70iÞ
ffiffiffi
2
p

L2Z2 �64iL2Z3 þ ð70� 70iÞ
ffiffiffi
2
p

L2Z2

0BBBBBBBBBBB@

1CCCCCCCCCCCA
, ð140bÞ

V 1 ¼
R

32ZL4

�128Z5 þ ð252i� 252Þ
ffiffiffi
2
p

Z4 �128Z5 � ð252þ 252iÞ
ffiffiffi
2
p

Z4

ð64i� 64Þ
ffiffiffi
2
p

LZ4 þ 536iLZ3 �ð64þ 64iÞ
ffiffiffi
2
p

LZ4 � 536iLZ3

64iL2Z3 þ ð70þ 70iÞ
ffiffiffi
2
p

L2Z2 �64iL2Z3 þ ð70� 70iÞ
ffiffiffi
2
p

L2Z2

32L4Zþ ð15� 15iÞ
ffiffiffi
2
p

L4 32L4Zþ ð15þ 15iÞ
ffiffiffi
2
p

L4

�ð32þ 32iÞ
ffiffiffi
2
p

L3Z2 � 156L3Z ð32i� 32Þ
ffiffiffi
2
p

L3Z2 � 156L3Z

64iL2Z3 þ ð198þ 198iÞ
ffiffiffi
2
p

L2Z2 �64iL2Z3 þ ð198� 198iÞ
ffiffiffi
2
p

L2Z2

0BBBBBBBBBBB@

1CCCCCCCCCCCA
, ð140cÞ

V 3 ¼
R

16ZL4

�32Z5 þ ð63� 63iÞZ4 �32Z5 þ ð63þ 63iÞZ4

ð32i� 32ÞLZ4 � 134iLZ3 �ð32þ 32iÞLZ4 þ 134iLZ3

32iL2Z3 � ð35þ 35iÞL2Z2 �32iL2Z3 þ ð35i� 35ÞL2Z2

32L4Zþ ð15i� 15ÞL4 32L4Z� ð15þ 15iÞL4

�ð32þ 32iÞL3Z2 þ 78L3Z ð32i� 32ÞL3Z2 þ 78L3Z

32iL2Z3 � ð99þ 99iÞL2Z2 �32iL2Z3 þ ð99i� 99ÞL2Z2

0BBBBBBBBBBB@

1CCCCCCCCCCCA
. ð140dÞ

Then, by defining the diagonal matrix

D ¼
eð1þiÞð4�2

ffiffi
2
p
ÞZ; 0

0; eð1�iÞð4�2
ffiffi
2
p
ÞZ

 !
, (141)

the exterior matrices for the first and third segment are

eP1 ¼
1

128R2l2k4
1

U1 �D � V
T
1 , ð142aÞ

eP3 ¼
1

2R2l2k4
3

U3 �D � V
T
3 . ð142bÞ
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The second segment has radius 2R, so k2 ¼ k3 ¼ E�1=4=
ffiffiffiffi
R
p

. Replacing k2

ffiffiffi
l
p

with ð1þ iÞZ=ðL
ffiffiffi
2
p
Þ in Eq. (54)

gives us

eP2 ¼
�1

8Z4
U2 �

eð1þiÞZ 0

0 eð1�iÞZ

 !
� VT

2 . (143)

where

U2 ¼

L4 L4

ð1þ iÞL3Z ð1� iÞL3Z

iL2Z2 �iL2Z2

�Z4 �Z4

ð1� iÞLZ3 ð1þ iÞLZ3

iL2Z2 �iL2Z2

0BBBBBBBBB@

1CCCCCCCCCA
and V 2 ¼

�Z4 �Z4

ði� 1ÞLZ3 �ð1þ iÞLZ3

iL2Z2 �iL2Z2

L4 L4

�ð1þ iÞL3Z ði� 1ÞL3Z

iL2Z2 �iL2Z2

0BBBBBBBBB@

1CCCCCCCCCA
. (144a,b)

Putting this all together, we find that the eigenfrequencies of the system are the roots to the equation

0

0

0

1

0

0

0BBBBBBBB@

1CCCCCCCCA

T

�U3 �D � V
T
3 �U2 �

eð1þiÞZ 0

0 eð1�iÞZ

 !
� VT

2 �U1 �D � V
T
1 �

0

0

0

1

0

0

0BBBBBBBB@

1CCCCCCCCA
¼ 0. (145)

Multiplying this out, we get

�64R4Z11

L4
eð9�4

ffiffi
2
p
ÞZ � ð16Zeið4

ffiffi
2
p
�9ÞZ þ 16Zeið9�4

ffiffi
2
p
ÞZ þ ð1þ iÞð39

ffiffiffi
2
p
� 53Þeið4

ffiffi
2
p
�9ÞZ þ 14eiZ þ 14e�iZ

þ ð1� iÞð39
ffiffiffi
2
p
� 53Þeið9�4

ffiffi
2
p
ÞZ þOð1=ZÞÞ ¼ 0. ð146Þ

Note that taking the complex conjugate of this equation shows that Z solves the same equation as Z. Since the
eigenfrequencies cannot have positive real parts, we can conclude that the solutions for Z are all real,
producing purely complex values for l. This is not surprising, since we did not include dissipative joints. Had
we included a damper in the problem, this pattern would not appear. Nonetheless, we can take advantage of
this fact to convert to trig functions.

28 cosðZÞ þ ð32Zþ 78
ffiffiffi
2
p
� 106Þ cosðð9� 4

ffiffiffi
2
p
ÞZÞ þ ð78

ffiffiffi
2
p
� 106Þ sinðð9� 4

ffiffiffi
2
p
ÞZÞ ¼ 0. (147)

This produces the solutions

lL2=ðR
ffiffiffiffi
E
p
Þ ¼ f0:752108i; 1:98306i; 5:2622i; 11:3821i; 17:7145i; 26:5723i; 37:8953i; 49:372i; 63:8113i,

80:2353i; 96:9647i; 116:957i; 138:417i; 160:501i; 185:991i; 212:455i; 239:985i; 270:896i,

302:363i; 335:415i; 371:658i; 408:161i; . . .g. ð148Þ

It is not hard to compute the analytical asymptotical expansion for the eigenvalues as jlj ! 1. The dominant

term of Eq. (147) is 32Z cosðð9� 4
ffiffiffi
2
p
ÞZÞ, so the first term in the asymptotic expansion is

Z	
ðk þ 1=2Þp

ð9� 4
ffiffiffi
2
p
Þ

as Z!1, (149)
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where k is an integer. To find the next term, we plug

Z ¼
ðk þ 1=2Þpþ �

ð9� 4
ffiffiffi
2
p
Þ

(150)

into Eq. (147), and keep terms of order 1. We find that

28 cos
ðk þ 1=2Þp

ð9� 4
ffiffiffi
2
p
Þ

� �
þ 32
ðk þ 1=2Þp

ð9� 4
ffiffiffi
2
p
Þ
ð�ð�1Þkþ1Þ þ ð78

ffiffiffi
2
p
� 106Þð�1Þk ¼ Oð�Þ. (151)

From this, we find that

�

9� 4
ffiffiffi
2
p 	

78
ffiffiffi
2
p
� 106þ 28ð�1Þk cosððk þ 1=2Þp=ð9� 4

ffiffiffi
2
p
ÞÞ

32ðk þ 1=2Þp
. (152)

This gives us the first two terms for Z:

Z ¼
ðk þ 1=2Þp

ð9� 4
ffiffiffi
2
p
Þ
þ

39
ffiffiffi
2
p
� 53þ 14ð�1Þk cosððk þ 1=2Þp=ð9� 4

ffiffiffi
2
p
ÞÞ

16ðk þ 1=2Þp
þOð1=k2

Þ. (153)

Finally, using the fact that lL2=ðR
ffiffiffiffi
E
p
Þ ¼ iZ2 gives us

lL2

R
ffiffiffiffi
E
p 	i

ðk þ 1=2Þ2p2

113� 72
ffiffiffi
2
p þ

39
ffiffiffi
2
p
� 53þ 14ð�1Þk cosððk þ 1=2Þp=ð9� 4

ffiffiffi
2
p
ÞÞ

8ð9� 4
ffiffiffi
2
p
Þ

 !
þOð1=kÞ. (154)

In conclusion, the exterior matrix method provides a powerful tool for finding the eigenvalues of any
complicated structure which produces sequentially coupled fourth-order equations. Many of the proofs and
results required the use of the symbolic manipulator Mathematica [12], and a Mathematica notebook available
at site [25] shows how the results were derived.

Yet this paper only scratches the surface as to the applications of this method. If the tapered beam example
is redone to allow mðxÞ and IðxÞ to be arbitrary cubic functions, then the vibrations of even a non-uniform
beam such as a helicopter propeller can be analyzed by using a cubic spline on the mðxÞ and IðxÞ functions
using only 2� 2 matrices. Combination structures of both cables and beams can be analyzed as well. It is
ironic that studying the higher order exterior equation (Eq. (81) or Eq. (101)) allows us to find the
eigenfrequencies so much easier. It is as though the eigenfrequencies actually live in the exterior vector space,
and hence the best way to study them is to go into the space where they live.
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